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The notes shall mentioned most of the chapters 4, 6, 8, probably 9 and 11 of Markov Decision Process: Discrete
Stochastic Dynamic Programming by Martin L. Puterman.

1 Markov Decision Processes (MDPs)

We study sequential decision making process: a Markov Process, where the set of available actions, the rewards and
transition probabilities depend on the current state and the action taken that state. It has the following ingredients:

* Decision epoch

* State space

* Actions space

* Rewards

* Transition probabilities
Example 1.1.

¢ Inventory Model: A warehouse manager observes his on hand inventory at the end of each month. Based on
how many units he has, he decides to purchase new items or not to order anything at all.

— the demand is random.

purchase cost

holding cost

reveneu from sales

— pending cost for shortage

¢ Machine Replacement: A machine deteriorates over time. The decision maker checks the condition of the ma-
chine at the end of everyday and decides to keep or replace the machine.

— state dependent income
— state dependent cost

— replacement cost

* Admission Control: Consider a system with k servers, i.e. the capacity is k, with service times following
exp(p). One type of calls enters at a Poisson rate with parameter A; and reward r; and another type of calls
enters at a Poisson rate with parameter Ao and reward 7o with ry > ro.

You should always accept the higher reward customers, and only reject the other set when as a number of servers
greater M has filled up, where M is to be determined.
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1.1 Modeling MDPs

Definition 1.1: Ingredients of a MDP

* Decision Epochs: T': set of decision epochs, T = {1,..., N} where N — 1 is the time of last decision,
and N is the time with a determined reward. T = {1,2, ...} if there are infinitely many epochs.

« State Space (of the Markov Chain): S
» Action Space: Ay: the set of possible actions in state s € S, and the total action space is
A = UsesAs.
We can choose actions deterministically or randomly. Let us define
P (Ay) : collection of probability distributions on subsets of A

and q(-) € P (As). Basically, when you are in state s, you choose a particular action a with probability
q(a).

» Rewards: 7(s, a) is the reward received when action a is chosen in state s at time t.
74(8,a,j) is the reward earned when action a is chosen in state s at epoch t and the state is j at epoch

t+1, then
ri(s,a) = ZPt(j | s,a)r(s,a, 7).
JjeSs
For T being finite, the terminal reward v (s) is the reward earned at decision epoch N if the state is s
at time N.

¢ Transition Probability:
p+(j | s,a) : probability of being in state j at decision epoch t + 1

given that a is chosen in state s at decision epoch t.

The five-tuple
{T7 S7 Aap( | *y ')7 T('7 )}

forms a Markov decision process (MDP).
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Definition 1.2: Decision Rules and Policy

A decision rule prescribes a procedure for action selection at a specified decision epoch.
Markovian Deterministic Decision Rule:

di : S+ Awhere di(s) € As,

where d; represents the decision rules at decision epoch t.
Markovian Randomized Decision Rule

dy : S+ P(A) where qq4,(5(+) € P (As),

where the decision rule in state s; tells you a probability of possible actions.
History Dependent Deterministic Decision Rule Hy : the set of all histories at decision epoch t, where hy € H,
is a specific instance of history such that

he = (s1,a1,52,02,...,8t—1,at-1,5t) = (hi—1,a1-1,5¢),
then the rule can be represented as
dy : Hy — A, where di(hy) € As,.

History Dependent Randomized Decision Rule: d; : H; — P(A).

Policy: A policy 7 is a sequence of decision of rules. For finite epochs T = {1,...,N}, ® = (d1,ds,...,dN);
T={12,...}, pi = (d1,dz...). Ifdy = dforallt € T, thenn = (d,d,...) := d* is called a stationary
policy.

Example 1.2. Consider the following plot of an MDP:

a13, {011} alZ’{lol 1} ar, {_11 1}

a1, {71 0'5}

a1, {3,0.5}

where for action a1, it goes to Sy with reward 7 and probability 0.5 OR go to S; with reward 3 with probability
0.5; similar interpretations for a1, a13, as1. Specifically, S = {S1, 52}, As, = {a11,a12,a13}, As, = {as1},T =
{1,2,3}. For example, P(S1 | S1,a11) = 0.5, P(S2 | S1,a11) = 0.5,75, 4,,,5,) = 3,7(S1, a12) = 10.

Example 1.3 (Continued). A Markovian deterministic decision rule: dq(S1) = a11,d1(S2) = ag1,d2(S1) = a12,d2(S2) =
as.

A history dependent deterministic decision rule: d1(S1) = a11,d1(S2) = as21,d2((S1,a11,S1)) = a13,d2((S1, a11,52)) =
az1, d2((S1, a1, S2)) = az

A Markovian randomized decision rule: P(dy(S1) = a11) = 0.6, P(d1(S1) = a13) = 0.4, P(d1(S2) = a21) =

1, P(dg(sl) = a11) = 0.4,P(d2(51) = a12) = 0.6, P(d2(52) = 0,21) =1.

Example 1.4. An inventory manager checks his on-hand inventory at the end of each month. Depending on how many
units he has on hand, he decides whether or not order new units from a supplier. Assume that newly purchased units
arrive before the start of next month. Demand arrives during the month but orders are filled at the end of the month.
Assume no backlogs are allowed, i.e., orders are lost if not enough inventories, and the warehouse has a capacity of
M units. Let D, be the monthly demand during month ¢ and

P(Dy=j)=p;forj=0,1,2,...
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Assume that if j units are purchased, the purchase costis C'(5). The holding cost for u units is k() and the revenue
obtained from j units is p(j). Finally, let O(u) denote the wholesale purchase cost when u units are purchased and

Ow) = {k+0(u), ifu>0

0, otherwise.

The inventory manager would like to maximize his expected profit for the next N months. Let g (s) be the terminal
reward if there are s units left at time V.
Modeling this as a MDP, we have

T={1,2,...,N}
S=1{0,1,...,M}
A, ={0,1,....,M —s}, Vse S

0, ifj>s+a
pe(d|s,a) =< Psta—js fo<j<s+a
N aps =0
s+a [e’s)
ri(s,a) = — O(a) — h(s+ a) +Zp(j)pj + Z p(s+1)p;, fort=1,... N -1
7=0 k=s+a+1

rn(s) = gn(s).

Example 1.5. The condition of a machine used in a manufacturing process deteriorates over time. The condition of
the machine is checked at predetermined discrete decision epochs. Let S = {0, 1, ...} denote the state of the machine
at each decision epoch. The higher the value of s is, the worse the condition of the machine. At each decision epoch,
you can choose either to replace or keep as it is. Suppose replacements happen instantaneously. We assume in each
period, the machine deteriorates by i states with probability p(4). There is a fixed income of R units per period, a state
dependent operating cost h(s) where s is the state at the beginning of the period, and a replacement cost of K units.
Suppose the objective is to maximize the long-run average profit. Modeling this as a MDP, we have

T={1,2,...}
S=40,1,...}
As = {0,1}, where 1 indicates a replacement action
. 0, ifj<s
5,0) = e
P10 {pu ) itz

pe(d 1 s, 1) = p(j)
r4(s,0) = R — h(s
ri(s,1) = R— K — h(0)

~—

1.2 Finite Horizon MDPs

Throughout this subsection, let 7' = {1,..., N} and 7 = (dy,d2,...,dn—_1). Let VT (s) be the total expected reward
for an N period problem under policy = when the system state at the first decision epoch is s.
Suppose 7 is a randomized history dependent policy and

X; : state at time ¢

Y; : action chosen at time ¢,

where { X} is the Markov Chain representing state under policy 7. Then,

N-1
Vi (s) =E7 Z T (Xe, Vi) +rn (Xn) [ X1 =5
t=1
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If, = (dy,...,dn—1) is a deterministic Markovian policy, then

Vi (s) =E" lz e (X, di (Xt)) +rv (Xn) | Xq = 81

t=1
If instead, 7 = (d4,...,dnN—_1) is a history dependent deterministic policy, then
N-1
Vi (s) =E7 Z re (X, di (he)) + v (Xn) | X1 = 5] with by = (he—1,a1-1, Xt)
t=1

where |r(s,a) < M foralla € A, s € S.
If there exists 0 < A < 1 as a discount factor, then

Vi(s) =E"

N-1
DN (X dy (he) + AN ey (Xn) | X = S] with hy = (he—1, ar1, Xy)
t=1

Define II : the set of all possible history dependent randomized policies. Our objective is to find 7* (among all
history dependent randomized policies) such that

VE (s) > VT(s), forall w € I

and we would also like to compute
Vi (s) = sup Vi (s),

mell

where V3 (s) = max e V{(s) if the supremum is attained.
Now for a policy m = (d1,da, ...,dn—1), let us define the total expected reward from ¢ to N — 1, given hy, as

N—-1

n=t

fort=1,...,N—landuy (hn) =ry (sn) forall hxy = (hy—1,an—1,sn). If m is Markovian deterministic, then

N—-1
uy (St) =K lz Tn (Xnvdn (Xn)) +rN (Xn> | X = St‘|

n=t

If hy = s, then
uf (s) = Vi (s) = total expected reward

Note that V{(s) is not dependent on ¢. From recursively figuring out V7 (s) by calculating w7 (h;), we can compute
1.2.1 Backward Dynamic Programming for Computing the Expected Reward for a Finite Horizon Problem
1. Sett = N and u%; (hy) = rn (sn), the terminal reward, for all by = (hn_1,an—1,5n). Go to Step 2.
2. If t = 1, stop; otherwise go to Step 3 .

3. Substitute ¢ — 1 for ¢ and compute u] (h:) as

uf (he) = ri (seydi (he)) + e (G | 505 de (he)) ulyy (hey dy (Ba) , 5)

jJeSs hepi

4. Return to Step 2.
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For Markovian deterministic 7, we have

uy (he) = r¢ (st,di (he)) +Zp(j | sty di (he)) uiyq (5)

immediate reward JeS
BT, [weta]

Theorem 1.3
Suppose that 1 = (dy,...,dn—_1) is a history dependent deterministic policy and uf is obtained by the
backward dynamic programming. Then for allt < N,

N-1

uy (he) = Ep, Z Tn (X, dn (hn)) + 75 (XN)

n=t

and Vi (s) = uf (hy) for hy = s.

Proof. Lett = N,uf (hy) =rn(sn)forall iy = (hy—_1,an—1, Sn). Suppose the result holds forn = ¢+1,..., N
and we will prove that it holds for n = t.

uf (he) = 7o (st di () + Y p (G | st di (o)) ufyy (B, di (e) s 5)
jES

=7y (s¢,de (he)) + Ep, |Ep,.,,

i Tn (Xnvdn (hn)) +rN (XN)‘|‘|

n=t+1

N-1
Z o (X, dn (hn)) + 7N (XN)]

n=t+1

=1t (5¢,di (he)) + Ep,

N—-1
= Ep, lz T (X, dp (hn)) + 75 (XN)]

n=t
Suppose 7 were a randomized history dependent policy, then

uf (he) = > plde(he) = a) [ v (se,a) + > p (i | se,0) ufyy (heya,j)
a€A, JjeS

1.2.2 Optimality Equations

We have

uy (hy) = stel;lr_)lut (he), h1 = %1

where 7 belongs to the set of history dependent deterministic policies.

Let w be a real valued function on an arbitrary discrete set W and let q(-) be a probability distribution on W.
Then sup,,ey w(u) = 3, cp q(u)w(w)

Proof. Let w* = sup, ey w(w). Then
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That is, there is always a deterministic rule that performs as well/better than all randomized ones.

Optimality Equations for the NV Period Problem Define

ug (he) = Sup. | 7 (st,a) + E Dt (5 | 5¢,a) upyr (he,a, j)
ae .
st jes

fort = 1,. .. ,N — 1 and for unN (hN) =TN (SN) for hN = (hN,l,aN,l,sN).

If the supremum is obtained,

ug (he) Zgiii ¢ (S¢,a +z€;pt J | se,a)upyr (he,a, j)
j

Recall that

uy (hy) =supuy (hy) and  uf(s) = V3 (s)

so by computing uj(s) like this, we will compute V3 (s). In fact, we will show that, if we compute u;(h;) as
above, then it is actually u; (h;) and hence we have u; (s1) = Vi (s1).

Suppose that u, is a solution to the optimality equations fort =1,... N —1withuy (sny) = rn (sn). Then,
(a) ug (he) = uy (hy) fort=1,...,N —1
(b) uy (s1) = Vi (1)

Proof. We will first try to show taht w, (h,) > u’ (h,) foralln =1,..., N.

Forn = N, u,(h,) = rn(sy) = uf(hn) forall 7 € I and Ay = (hn,,an—1,sn). Thus, the result holds for
n = N. Assume it holds for t = n + 1,..., N, we will show that it holds for t = n as well. Let ¥ = (dy,...,dn_1)
be an arbitrary policy.

Un(hn) = sup {7 (sn,0) + Y pj (3 | 8n, ) tnp (hn,a, )

jes
2 Sllp S’ru + ij | Sn> n+1 (hnaa/ J)
a€Asg, jes
> Tn(sna n +ZP J ‘ Sn,dn n))uz_t,J(hmdn(hn)aj)
jES
= g (hn)

Since 7 is arbitrary,

U (hy) > sup ul (hy,).
well

We will next show that for each € > 0, there exists 7’ such that

’

ur (hp) + (N —n)e > up(hy).

n

We will construct such a policy n’ = (d}, d5, . .., dy_,) by choosing d/, (h,,) such that

Tn(snvd;z(hn)) + an(] | Snvd;(hn)) n+1(hn7d/n(h ),7) + € > un(hn).
jeSs
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This 7’ exists by the definition of u,,(h,). Note u71§,/ =rn(sy) = un(sny) for hy = (hy—1,an—1,5n). Suppose
the result holds fort =n +1,..., N, then

uf (hn) = 10 ($n, dpy (hn)) + > Pl | 8 iy ()Yl sy (i, dly (B, 5)
JES
> 1 (8, diy (hn)) + > PalG | 8y dly (h)) (g (o, iy (hn), §) = (N =1 = 1)e)
jeSs

> rn(snvd;(hn)) + ZP’I’L(J | Snadfn(hn))u’rﬂrl(hnad;z<hn>7.7) +e— (N_n)e
jeSs
> up(hy) — (N —n)e

But then for each n, we have

n(hn) + (N = n)e = ufy (hn) + (N = n)e = up(hn) = uj (hn),

n — Un = =

u
which impllies uy, (hy,) = u} (hy). O]

Now the above theorem shows us a way to iteratively compute w; (h,,) and hence V};(s1) in the end. Now, the
following theorem will show that in fact, we are able to compute an optimal policy based on the iterations.

Theorem 1.6

Suppose that uj fort = 1,..., N are solutions to the optimality equations subject to the boundary condition
and the policy " = (d’f, cee d?\ffl) satisfies

(5t> ht +Zpt j | St’ ( ))u:+1 (htvd: (ht> 7.7)
JjeS

= max { ¢ (8¢, a) +Zpt (41 st,a)uiyq (heya,§) p fort=1,...,N -1
o€ ds jes

(a) uj (he) =uf (hy)

(b) T is an optimal policy and Vi (s) = Vi (s).

Proof.

(a) Trivially
uy (sn) =7n (sn) = uy (sn)

Suppose that this holds forn = ¢+ 1,..., N. We will show that it also holds for n = t. We have

;(he) = IélaX (5,0 +§ pe (G | se.a) upyy (he,a,j)
a
At JjeS

=1 (s, df (he) + Yo (5 | se,0) ufyy (b d (ha), 5)
jeSs

=ul (he)

(b) We have
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Hence, the optimal policy 7* = (d*{, RPN d?va) is defined as

dt (ht) € arg ma‘XaeAst Tt 8t7 + Zpt | St, a u:—‘,—l (h’ta a)j)
jes

O

That is, when we do the iteration, if we always pick the action maximizing wu;(h¢), we get an optimal policy. Now
we show that we actually only need s; rather than h; and there exists a deterministic policy if all u;(h;) are attained
by a deterministic action.

Theorem 1.7
Letuj fort =1, ..., N be the solution to the optimality equations together with the boundary conditions.
(a) Foreacht=1,...,N, u; (h:) depends on h; only through s;.

(b) If there exists a' € Ay, such that

St7 +Zp .] | Sty @ u;fk+1 (htaala.j)
JES

= sup ¢ 7 (s, a)+ Zpt (4| st,a)ufyy (hesa,j)
aeAst jes

forallt =1,..., N — 1 then there exists an optimal policy that is Markovian deterministic.

Proof.

(a) We have
uy (hy) = uy (hn—1,an—-1,5N8) = 7N (5N) -

Thus, uj depends on hy only though sy. The result holds for n = NN. Let us assume it holds for n =
t+1,..., N and we proceed to show that it also holds for n = ¢. We have

ug (he) = sup 7 (s, a) + Zpt (J | st,a) uiyq (hesa, )
acAs, jes

= sup {7t (se,a)+ Zpt (J | st a) ugy1(4)
a€ds, j€S

and the result holds for n = t.

(b) Given policy 7* = (df,...,d}_,) we have, from a previous result,

7t (s, dy (he) +Zpt (G | sty d; (he)) uiss ()

JES

= arél%i(t Tt (St, a) + ;pt (.7 | St, CL) utJrl(J)
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Corollary 1.8

Let

7B . set of history dependent randomized policies

7MP . set of Markovian deterministic policies.
Then,
Vn(s)= sup V{(s)= sup Vf(s)

TemHR TexMD

Proposition 1.9

Assume that S is finite or countable and if either one of the following conditions hold:

(a) Ay is finite for each s € S.
(b) Ay is compact for each s € S and
(8, a) is continuous in a for all s € S

[re(s,a)] < M foralla € Ag,s € S

pe(J | s, a) is continuous in a for each j € S,s € S

(c) A is compact for each s € S and
(8, a) is upper semicontinuous in a for all s € S,
|re(s,a)| < M foralla € As,s € S,
pe(J | s, a) is lower semicontinuous in a for each j € S,s € S

then there exists a deterministic Markovian policy which is optimal.

Backward Induction Algorithm for the optimal policy and optimal total expected reward
(1) Sett =N and uly (sy) =7~ (Sn).
(2) Substitute ¢ — 1 for ¢ and compute u; (s;) for each s, € S by

uy (s¢) = alg%ft ¢ (8¢,a) + ;Spt (4 | se,a)uyyq(4)
J

and set

A;, =argmax ey, 7 (se,a) + Zpt (| st.a) ugy1(4)
jES

(3) If t = 1 then stop. Otherwise go to step 2 .
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Theorem 1.10

Suppose my, t = 1,..., N and Aj, are obtained using backward dynamic programming.

(i) Fort =1,...,N and hy = (ht—1, a4, st),

uy(s¢) = sup uy (ht),
s

where 11 is the set of all history dependent randomized policies.

(ii) Letdf(s;) € A3, forallsy € S, t=1,...,N —land n* = (di,d5,...,dx_,). The v* is optimal,

ui(s) = Vii(s) = V& (s).

Example 1.6 (Inventory problem revisited). Consider the setup

M =3,h(u) =u,p(u) =8u, N =4,T ={1,2,3,4}
As ={0,...,3—s}

and
442
Ou) { +2u, u>0
0, U=
with
P(D*())*1 P(D 1)*1 P(D*2)*1
- - 47 - - 27 - - 4
TN(O) = ’I’N(l) = ’I’N(2) = ’I"N(3) = 0
Now,
uz(0) = uj(1) = uj(2) = uz(3) =0
and since
ui (s¢) = max 47 (se,0) + D 0| s a)up ()
ot jes
then

r(O,l):—O(l)—h(1)+p(1)P(D:1UD:2):—6—1+8~%:—1

1 1
r0.2) = 122416 - +8- 3 = -2
1 1
r0.3)= 103416 +8- =5
u%(0) = max{0+1-0, +0, , =5 }=0,d5(0)=0
=r(0,1) =r(0,2) =r(0,3)

and continuing in this fashion, we will get

Next,
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3 3 1 1
uZ(O)zmax 0,-6-14‘8*14‘ 4_1*0 + 1*5 ,2,5
~—~—
reward demand>1,u%(0)  demand=0,u} (1)
1 1
= 0,-,2, =
max{ 5 4, 5 2}
=2

and d5(0) = 2. Continuing, we will get
% _ 37 s=0 % _ 2, s=0

dils) = { 0, otherwise d2(5) = {0, otherwise

and d5(s) = 0 forall s € {1, 2, 3}. Finishing, we will get

. 67 129 .

v1(0) = E’%(l) = 1_6av4(2) = §ﬂ)4(3)

1.3 Optimality of Monotone Policies

Consider

) = e (o) + ] 5 )i )
J

Definition 1.11
We say that g(-,-) for ™ > 7 in X and y* > y~in'Y is superadditive if
gy ) gy ) 29y ) +g (e yT)

If —g(-,-) is superadditive then g(-,-) is subadditive.

Example 1.7. g(z,y) = h(z) + f(y) is both superadditive and subadditive.

Suppose that g is a superadditive function in X X Y and for each x € X, maxycy g(x,y) exists. Then,

p(r) = max{y € argmax,cyg(r,y)}

is monotone non-decreasing in X.

Proof. Let xt > x~and choose y < p (x~). Then,
9@ p (7)) —g(27y) 20
Since g is superadditive,
g (@t p(@™) +g(zy) > g@ty)+g(z,p(z7))
=g (@0 (7)) 2 (9@ pa7) =g (27, y)] +9 (=7, y)

>0
=g (x+,p(:c—)) >g (x+,y) Vy < p(x”).
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then by definition, p (z) > p (™) since

gzt p(a®)) 2 g (¥ p(a7))and g (aF,y) < g(a¥,p(a7)), Yy <p(a7).

if p(z*) < p(z7), then g (x+,p(zT)) = g(at,p(z7)), but then by the definition of p(xz™), we have p(z) >
p(z™). O

Let g(s,a) be a function on S x A, where S = A = 0,1,-- and suppose g(s + 1l,a + 1) + g(s,a) >
g(s,a+1)+g(s+1,a)foralla € Aand s € S. Then g is superadditive.

Proof. Let st > s~ ,at > a~. We have

g(s™,a”)
>g(st —1,a") +g(sT,a™ —1) —g(st —1,at — 1)
>g(sT —2,a") +g(sT —1,at —1) —g(sT —2,a" —1)
+g(sT,at —2)+g(st —1,a" = 1) —g(st —1,a" —2) —g(st —1,a" - 1)
=g(st —2,at) +g(sT,at —2) +g(sT —1,a" - 1)
—g(st —2,a" —1) —g(sT —1,at - 2)
>g(sT,at —2) +g(st —2,a") —g(st —2,a" —2)

T+ <

>g(st,a7)+g(s7,at) —g(s7,a7).
where from the second to the third line, we apply the assumption to both g(s* —1,a™), g(s™, a™ —1); from the fourth
to the fifth line, we apply the assumption to g(s™ — 1,a™ — 1) — g(s* —2,a™ — 1) — g(s™ — 1,a™ — 2).
Then, by adding g(s—, a™) to both sides, we get

g(s*,a®) +g(s7,a7)
2g(s* a”) +g(s",a")

O

Lemma 1.14

Let {z,}, {m;} be real-valued sequences satisfying

(oo} o0
/
DIEED IS
=k j=k

for all k > 0 with equality holding for k = 0. Suppose vj11 > v, forall j = 0,1, .... Then,

oo o0

!
g Tv5 > g x;0;5
j=0 j=0

Proof. Setv_1 = 0. Then,
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0o 00 J
Zvjxj = IjZ(Ui*vi—l)
7=0 7=0 1=0
o] 0o
= (v —vi-1) ) g
Jj=0 i=j

o

o0 o0
(v —vj—1) D@+ o0 Yy @i
i=j i=0

o0 oo
(vj —vj_1) Zx'- +UOZ$/-
J J J 2
i=j i=0

<.
I
—

o

<.
I
—

/
’Uj(Ej.

<.
I
o

O

Note. A classical way to apply this lemma is that given two variables X,Y such that P(X > a) > P(Y > a),Va,
then E[f(X)] > E[f(y)] for every nondecreasing f.

Theorem 1.15

Assume that
1. $={0,1,...}
2. As=Aforallse S

Suppose that
1. 1¢(s,a) is non-decreasing (non-increasing) in s foralla € Aandt =1,...,N — 1.
2. Z;’ik p(j | 8,a) is non-decreasing in s forallk € S;a € Aandt=1,...,N — 1.
3. rn(s) is non-decreasing (non-increasing) in s.

Then uj (s) is non-decreasing (non-increasing) in s forallt =1,..., N.

Proof. We know u’;(s) = rn(s) and thus the result holds for t = N. Now assume it holds forn =¢+1,..., N and
note that for n = ¢ we have

ui(s) = max qri(s,a) + ;pt(j | s, a)ui(5)
J

=7 (s,ay) + Zpt (J |'s,a5) uiq(5)
j€S
Suppose that s > s. We need to show u; (s') > u;(s). Now
up(s) =re (s,a2) + ) (G | 80%) ujss ()
JjeSs

<ri(shal)+ > pe (G 18 al) up (5)
j€ES

< ’ P * .
_gleaj( rt(s,a)—F;pt(J | 8", a)uiyq(5)
J

= uf (s')
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which follows from the assumptions of the theorem, induction hypothesis and the earlier lemma.

O

Theorem 1.16

Assume that
1. $={0,1,...}
2. Ay = Aforalls € S.
Suppose that
(1) ri(s,a) is non-decreasing in s foralla € Aandt =1,...,N — 1.
(2) Z;’ik p(j | s,a) is non-decreasing in s forallk € S;,a € Aandt=1,...,N — 1.
(3) r+(s, a) is a superadditive function on S x A.
(4) Z;’ik p(j | 8,a) is a superadditive function on S x A for every k € S.

(5) rn(8) is non-decreasing in s.

Then there exists an decision rules d; (s) which are non-decreasing in s forallt =1,..., N — 1.

Proof. From 1, 2, and 5, we know that u;(s) is non-decreasing in s forall t = 1,..., N and so

'M8

<
Il
ol

[Pt (]|5 )"‘Pt (j|s*,a+)}

i_o: Pt J\S )+Pt(j|377ff)]

for s > s7,a™ > a~, which implies, from the previous theorem, that

oo o0
Z pe(GlsTat)+p(Gls™,a7) ] up( Z pe(jlsta™)+pe (415, ab)]uiyp (),
j=0 7=0

50 32720 Pe(j | s,a)uiyq(j) is superadditive on S x A. Since the sum of two superadditive functions is superadditive,

then

re(s,a) + Zpt(j | 5,a)uiyq(5)
=0

is superadditive and the result follows from Lemma 1.12.

O

Theorem 1.17

Suppose fort =1,..., N — 1 that
(1) r¢(s,a) is non-increasing in s foralla € Aandt=1,...,N — 1.
(2) Z;’ik p(j | 8,a) is non-decreasing in s forallk € S,a € Aandt=1,...,N — 1.
(3) r:(s, a) is a superadditive function on S x A.
(4) 3252003 | 8, a) is a superadditive function on S x A.

(5) rn(8) is non-increasing in s.

Then there exists an optimal decision rules d; (s) which are non-decreasing in s forallt = 1,.. .,

N -1
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Proof. From (1), (2), and (5) we have u; (s) non-increasing in s. Then from (3) and (4), we have

Tt(57 a) + Zpt(] | S, CL)’U;;;(])
j=0
superadditive on S’ x A. O

Backward Dynamic Programming for finding Monotone Optimal Policies Assume that for each ¢ there is a
monotone optimal decision rule. Suppose that S = {0,1,..., M} and A, = Aforall s € S.

1. Sett = N and u}y(s) = ry(s) forall s € S.
2. Substitute ¢ — 1 for ¢, set s = 0 and Ag = A.
(a) Set

uy(s) = (IzIéE}qX (s, a) + Ezspt(j | s,a)upyq(5)
j

(b) Set
ALy = argmaxgeq, § ri(s,a) + Y pe(j | s, a)upiq ()
JjeSs
(c) If s = M go to step 3, otherwise set
Agp1 = {a €EA:a> max{a € A*t}}
(d) Substitute s + 1 for s and return to (a).
3. If t = 1, stop; otherwise go to Step 2.

Example 1.8. Given S = {0,1,...}, the higher the worse the equipment is. From one decision epoch to the next,
the equipment deteriorates 4 states with probability p(i). We are also given, A; = {0, 1} where 0 is “do nothing”
and 1 is replacing, R is the fixed income per period, h(s) is the operating cost if the equipment is in state s, K is the
replacement cost, 7y () is the salvage of the equipment if it is in state s at time N. Assume /(s) is non-decreasing in

s and ry(s) is non-increasing in s. Let T' = {1,..., N }.
We have:
. fo, ifj < s , o
pls 0 ={ by WIS s s =i =012

and
r(s,0) = R — h(s)and r(s,1) = R — K — h(0)

1. 7(s,a) is non-increasing in s. Clearly this holds for the rewards.
2. rn(s) is non-increasing in s.

3. 372, pe(d | 5, a) is non-decreasing in s for all k € S and a € A since when we replace,

o0 o0 o0 o0
oG ls+1,1)=> p(ls1)=> pl)—> p0)=
j=kt1 =k =k =k

Now when we do not replace, for k > s,

D> pGls+1,00=) pil50)=> p(i-s—1)=Y pli—s) =pk—s-1)>0
j=Fk j=Fk j

Jj=k Jj=k
and for £ < s, we have

oo [ee]

D p(Is+1,00=Y p(i1s,0)= > pli—-s—1) = p(i—s) =0
prs =5

j=k Jj=s+1
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4. r(s,a) is superadditive on S x A :

r(s+1,1) +r(s,0) > r(s,1) + r(s+ 1,0)
“R-K—h(0)+R—h(s)>R—K —h(0) + R~ h(s+1)
—=h(s+1)—h(s) >0

5. 322720 p(J | s,a)u(j) is superadditive on S x A for any non-increasing function u:

ZPJ\S+11 +ZPJ|50 >Zm|81 +ZPJ|5+1O)()

<:>Zp () + Y G —s)u() = > puG) + > pi—s—1ulj)
Jj=s j=0 j=s+1
@Zp(j—s)u(j) > > pli—s—Du(j)
j=s j=s+1
2P = 9)ul) = D_p(j = s)ulj +1) 2 0

since u is non-creasing.

6. d:(s) 0,if s<sj
. S) =
¢ Lif s>sfVt=1,...,N—1
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2 Infinite Horizon MDPs

We assume:
* Transition probabilities and rewards are stationary and |r(s, a)|< M
* We are given a discount factor 0 < A < 1.

o m = (dy,da,...)is Markovian deterministic.

T=1{1,2,3,...}.

» v} (s) : total expected discounted reward under policy m when the initial state is s and the discount factor is .
Let {X; : t > 1} be the Markov Chain under policy m,

vy (s) = Es Z AN (X, dy (X))

t=1

e 1, : vector of rewards under decision rule d

r(s1,d1(s1))
rq, = |7(52,d1(s2))

e P, : probability transition matrix under decision rule d

Let us denote v} (s) = sup, v{(s). If it is attained, we would also like to find 7* where

If v7 is the vector of total expected rewards, then

VY =74, + APy, ra, + NPy Pyyra, + ...
=> APy
t=1

=7rq + )\Pdl (Td2 + )\szrds + .. )

=714, + APy, ’Uj\r/
where 7' = (da, ds, .. .). Now if  is stationary, then
0F =g+ AP = i = (I —APy) "1y

Theorem 2.1

For any stationary policy m = d°°, vg\iw is the unique solution of

v =1rq+ APv
and furthermore, vﬁm can be written as
o0
e8] —1 — — S
v = (I = APy) " ra =Y NP g = Lavy,
t=1

where Ly(v) := rq + APgv. Note the inverse exists because A < 1.
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Example 2.1. Consider a simple system with S = {s1,s2} and A5, = {a11,a12} and A;, = {as1}. We have
p(Sl | Sl,au) = 0.5, p(82 | Sl,au) = 0.5,])(82 | 81,a12> = 1, and p(82 | 52,a21)=1. Finally, r (sl,all,sl) =
5,7 (s1,a11,82) = 5,7 (81,a12) = 10 and 7 (s2, az1) = —1. Consider the stationary policy that uses the decision rule
d(s1) = a1; and d (s3) = ag;. Compute v§ (s1) and v¢ ™ (s2).

We have 74y = [ _51 ] and

08 (s1) =5+ A (O.5v§m (s1) +0.508" (52))

W (52) = —1H AR (2) = o} (s2) = 7
and so after a substitution,
o (51) = 5— 5.5\
VT @ = N1 =050

Suppose 0 < X\ < 1. Then for any Markovian deterministic decision rule d,

vs

(i) Ifu>0then (I —AP;) " uw>0and (I — APy) ' u > u.
(ii) If u > v then (I — )\Pd)_lu >(I- )\Pd)_l .

(iii) Ifu >0 then uT (I — APy)"" > 0.

Proof. (i) and (iii): directly by

o0
(I— )\Pd)_1 U = Z)\t_lPé_lu >u>0
t=1

(ii): follows from (i) by replacing v with v — v O

2.1 Optimality Equations

Recall the optimality equation for the finite-horizon case:

va(s) = sup § 7(s,a) + Y Ap(j | 8, a)vp1(4)-
a€Ag X
jes
By taking the limit as n — co on both sides, we the optimality equation for the infinite-horizon case:

oa(s) = sup { r(s,0)+ 3" W | 5,0)0)
a€A; jes

L

Let v be the vector of v(s) for s € S, then we write the above equation as v = L.
If the supremum is attained,

va(s) = max ¢ (s, a) + Z;skp(j | s,a)v"(j)
JjE

L
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Theorem 2.3

Suppose that there exists a v such that

(i) v > Lvthenv > v}
(ii) v < Lv thenv < vy

(iii) v = Lv then v = v}

Proof. (i) Let ™ = (dy,ds,...) and let us use the notation

(ii)

Ly =sup {ro + APyv}

Lv = max {r, + \P,v}

Then
v>sup{rq + APyv} = Lo =rq, + APgv

>rq, + APy, (’I“d2 + /\PdQU)

n—1 n

>rg, + APg ra, + /\2Pd1Pd2’l"d3 +...+ )\n—lpdl . Pg, ra, + A" Py ... Py, v
—_——

Pn

kg

and also since

o0
vy =714, + APy ra, + ...+ Z )\del R Pddek+1
k=2

then

0o
v — U;\T > )\”Pdl SR PdnU - Z )\del . .Pdk’/‘korl

k=n
Next, if we define ||v||= sup,cg|v(s)| then || A" P™v|| < A"||v|| then we can choose € > 0 such that there exists

n sufficiently larges such that

—%e <AN'Py, ... Py v < %e

where e is a vector of ones. Also,

A"Me
(1-X)

AN'Me
(1-2)

o0
S Z )\de1 ...PdkrdkH S

k=n

by |74, ,|< Me, and so with can find n sufficiently large so that
v—v) > —ge = v > supuvy = vy
™
From the definition of £, we know that for all ¢ > 0 there exists « such that

v<1ry+ AP0+ ce

which, by the previous lemma, implies
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(I = AP,)v <rq+ee
— 0 < (I = APy) " (ro + €e)
— 0 < (I =APy) "ra4+ (I —AP,) "ee

and hence

oo
v <oy + eZAk*1P§*1
k=1
oo €e
T
*

where the last inequality is by pushing € to 0.

(iii) Trivial.

O
Definition 2.4

Let U be a Banach space (complete normed linear space, e.g. R™). The operator T' : U — U is a contraction
mapping if I\ with 0 < X\ < 1 such that

[Tv = Tul[< Allo — ull

Theorem 2.5: Fixed Point Theorem
Suppose U is Banach space and T : U +— U is a contraction mapping. Then,

1. Fv* € U unique such that Tv* = v*

2. for arbitrary v° € U, the sequence {v"} defined by v"*1 = Tv™ converges to v*.

Proof.  (a) Directly
m—1
o+ o7 =

m—1
,UnJrkJrl _ E ,Un+k
k=0

k=0

m—1

< Z an-i-k+1 _ vn—i—k”
k=0
m—1

— ||T’n+kvl 7Tn+k'UOH
k=0
m—1

<D AR ut =0
k=0

= |t = - AT (1 =Am)

1—-A

and so {v™} is a Cauchy sequence and Jv* such that v™ — v*. It remains to be seen that Tv* = v*. We have

0 <[ Tv" —v*| < T =" = [lo" — o7
< ||Tv* = To™ M| = [lo™ — o*|
< Alp* =07 = o™ = 0.
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Since v™ — v* the the right hand side can be made arbitrarily small by picking large enough n. Hence
|Tv* —v*|| = 0 and Tv* = v*.
Suppose there exists v’ such that Tv' = v’. Then,

[o" =" = | Tv" = TV < Ajo™ = 2/||

which is only possible if |[v* — /[ =0 = v* =/,

Proposition 2.6

For0 < X\ < 1, L and L are contraction mappings.

Proof. Let u and v be such that Lv(s) > Lu(s) for s € S and

max {r(s,a) + A Y_p( | s.a)v(5) | = max {r(s,0) + 1Y p(i | 5, a)u(s) |

a€A, a€Ag

and suppose that

0t € argmaz { r(s,a) + A3 p(i | 5,a)e(s)
a€A, jes

Then

0 < Lo(s) = Lu(s) <7 (s,al) + XD _p(j | s,a0)v(G) —r(s,al) =AY p (| 5,a7) ulj)

JjES jeS
=AY p(ils,al) (i) - u()]
j€eS
<A p(ilsal)v—ull
jeSs
= Ao —ul

and we can have the similar result for Lu(s) > Luv(s). Therefore,

[Lv(s) = Lu(s)|< Mo — ul| = [[Lv — Lul|< Mo — ul]

and a similar argument can be made for £. Note that L4, through the same arguments, is also a contraction
mapping. O

1. There exists a unique v* satisfying Lv* = v* (Lv* = v*) and v* = v}.

2. For each d satisfying Lgv = v, there exists a unique solution v = v} where m = (d,d,...). [Lqv =
rq+ APv]

Proof. By L, L being contraction mappings, we know there exists a unique solution v* such that Lv* = v*. Then
from Theorem 2.3, we know v* = v3. Part (2) can be consider a special case of (1) where the only available policy is
d. O

Theorem 2.8

A policy * is optimal if and only if vg\r* is a solution to the optimality equations.
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Proof. If 7* is optimal then v} = v} and hence Lv] = v} by the above theorem. If Lvf = v§ then v} = v}

by Theorem 2.3 and hence 7* is optimal. O
Suppose d is such that

Lg-v} = rg» + APg-v} = v}

or d* € argmax {rq + APy} where we say that d* is a conserving decision rule. Then, (d*)* is an optimal
decision policy and vg\d - vy.

Proof.
vy = Luy =g + APgv} = Lgv},

then vy = vg\d )™ because vg\d )™ is the unique solution to v = Lg~v. O

Theorem 2.10

Suppose there exists an optimal policy, then there exists an optimal stationary policy.

Proof. Given m* = (dy,ds,...) and 7* = (dy, 7). Then,

vy = vy =rgq + AP v}
<rg + )\Pdl’l);\r*
< sup {rd + )\Pdvgr*}
d
= Lo} =0

and d; is a conserving decision rule which means it is an optimal decision rule. O

2.2 Algorithms
We will be considering:
1. Value Iteration
2. Policy Iteration
3. Linear Programming
Suppose that S is countable. Then there exists a stationary optimal policy if
(a) Ag is finite for each s € S, or

(b) As is compact for each s € S,r(s,a) is continuous in a for each s, and p(j | s, a) is continuous in a for
eachj € Sands € S, or

(c) As is compact for each s € S, r(s,a) is upper semicontinuous in a for each s, and p(j | s,a) is lower
semicontinuous in a for each j € S and s € S.
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2.2.1 Value Iteration

We wish to find a policy 7. such that v{* > vi(s) — €.
(1) Selectv® € V,e > 0andsetn =0
(2) For each s € S, compute v"1(s) as

(n+1) _ . n .
v (s) = max 7“(s,a)JrA;Sp(y | s,a)v"(j)
J

3) If HU"Jr1 — U"H < % then go to step 4. Otherwise, increment n by 1 and go to step (2).

(4) For each s € S, choose

de(s) € argmazx < r(s,a) + )\Zp(j | s,a)v" ()
a€Ag jes

For value iteration, we have

(1) v™ converges to v}

(2) Stationary policy (d.)™ is an e-optimal policy

Proof.

(1) Trivial, from fixed point theorem.

(2) We need to show that vad‘)w — Uf\‘ < ¢, where o)™
(de)™ (de)>

is the expected reward under the stationary policy

(de)> satisfying Lg, yeev =, < . Note that
vade)oc —ut] < vade)ao _ UnHH + an+1 _ U§| .

First, we have
oo
H,Un+1 E ’Uk . ,UkJrl
k=n-+1
oo

> =

k=n+1

oo
_ Z Hvk+n+1 _ Uk+n+2”
k=0

-l -

IN

oo
— Z HLk+1vn _ Lk+1vn+1H
k=0

o0
< Z)\kﬂ an -~ Un+1H
k=0

> 1-))
< /\’““76(
<2 N

A (1=
- A 2\
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and

,U(de) _ ,Un+1 — Ld ,U(de) _ ,U’nJrl
A RPN
de)™
< |[Ba o™ = Lot || Lot - ot

= HLd vf\de)w — Ldev”HH + HLU"Jrl - Lv"H

where from the second to the third line, we first use the fact that

Lo (s) = max d r(s,0) + A Y p( | 5, @)™ ()
° jes

and then the definition d.(s) = arg maz {r(s,a) + A ¥;cs p(j | 5,)v"+1(j) |, which implies that L™+ (s)
a€Ag

is obtained under policy d.(s), that is, Ly v"T!(s) = Lo (s).
Combine the two results together, we get what we want.

Proposition 2.13

(1) Suppose v > u. Then Lv > Lu.

(2) Suppose that for some N, Lv™ < (>)vN. Then vN T+ < (>)oN+™ for all m > 0.

Proof.
1. Letd' € argmax {rqy + APu}. Then,
Lu=rgy + APyu < rg + APpv < max {Td + )\Pd’l)} = Lv,

where the first inequality is by the fact that P, is a nonnegative matrix.

2. Directly,
UN+m+1 — Lle}N Z Lm’UN _ ,UN+m

and likewise for the (<) case.

O

For the second property of the proposition above, it says that if such NV exists, then from N, such property holds
for all iterations after that. So if v* > v° in value iteration, then {v"} — v} is monotone decreasing. For example, if
Lv® > 00, then v"*1 > v for all n, similar for <, but for some problems, v*, v° might not be comparable.

Definition 2.14

Let y, — y*, so lim||y, — y*||= 0. We say y,, converges of order « if there exists a k > 0 such that

||yn+1 - y*HS k”yn - y*Ha'
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Theorem 2.15

(i) Convergence rate of value iteration is linear in \.

(ii)

3=

lim sup [va)\H] <\

n—oo | 00 =3

(iii) For every n,

)\n
Jo" ~ v3ll< T2 ot — ]
(iv) Forevery d. = argmax {rqy + APyv"},
n
Jold)™ —v]|< [0t — |

1-A

Proof. (i) [lv"*! — v3[l=[|Lv" — Lox[[< Aljo™ — o |
(i1) Directly from (i)
(iii) Similar to the first part of the proof of Theorem 2.12.

(iv) Similar to the proof of Theorem 2.12.

2.2.2 Policy Iteration
(a) Setn = 0 and select arbitrary decision rule dj
(b) (Policy Evaluation) Obtain v™ by solving
(I —=APy, )v" =14

(c) (Policy Increment) Choose d,,41 such that

dpt1 € argmax {rq + APyo"}
d

and setting d,,+1 = d,, if possible. That is, if d,, is in the arg max above, always pick d,,+1 = d,.

(d) If d,,+1 = d,, then stop and return d* = d,,, otherwise increment n by 1 and return to (b)

* Advantages: Works well for solving d* and even 1 iteration is a good heuristic.

* Disadvantages: Computing step (b)

Proposition 2.16

Let v™, v be successive values generated by policy iteration. Then v > o™,

Proof. Directly
Tdyo + APy, 0" > 1q, + AP 0" = 0"

1 = (I — /\Pdn+1) "
= (I - )‘Pdn+1)
_— ,UnJrl Z Un

= Tq

—1 n
Tdpyr 2V
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For a finite state and action space, policy iteration terminates after a finite number of step with a stationary
(discounted) optimal policy (d*)™

That is, when we stop, our v™ solves the optimality equations and d,, is a conserving decision rule. It is finite
because we have a finite number of actions and states.

Example 2.2. Recall example with
S = {s1,s2},As; = {a11,a12}, As, = {aa1}

and

1
p(silsian) =5
1
p(s2|s1,a11) =5
p(s2|s1,a12) =1
p(s2|s2,a21) =1
and general \ € [0,1). We also have
r(sl,all) = 5,7"(81,&12) = 10,7"(82,&21) =-1
The policy iteration is:
(1) Let do (51) = ay1 and do (82) = a9
(2) = (b) Get
(do)™® _ 5 — 5.5\ d (do)>® _ -1
n (s = (10501 — ) 9% (s2) =73
3) = (c) Get

2
(5-55))  2(5—5.5))
(1—050)(1 =N 1-2A }

1 o 1 = -
dy (s1) € argmax {5 + 5fuf\‘flo) (s1) + ﬂ;g\dO) (s2),10 + Ug\do) (52)}

= dy (s1) € arg max{

Now if A > %, we have dy (s1) = a11, otherwise we have d; (s1) = aq2.

For example, let A = 0.95 and dy(s1) = a12, do(s2) = ag1. Then

v = T4, + APg,v0
vo(s1) = 10 + 0.95v(s2) == vo(s1) = —9
UO(SQ) =-1 + 0.951}0(52) > 00(52) = =20
And hence

ds(1) = arg max{5 + 0.95(0.5(—9) + 0.5 * 20), 10 4+ 0.95(—20)} = argmax{—8.775, —9} = a11.

ail ai2

Hence, dy(s1) = a11,d1(s2) = ag1 which is different from d, we need to run the iteration again and we go
back to the analysis above.
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2.2.3 Modified Policy Iteration

Let {m,,} be a sequence of non-negative integers.
(1) Select v°, specify € > 0, and set n = 0.
(2) (Policy Improvement) Choose d,, 1 to satisfy

dpt1 € argmax {rq + APyv"}
d

and setting d,,+1 = d,, if possible (when n. > 0).
(3) (Partial Policy Evaluation)

a. Setk =0and
0 n
" = P,
Uy, I;leal%({rd + AP"}

or equivalently,

0 _ . n(,;
up(s) = max qra(s,a) + A _p(j | 5,0)0" ()
j€s
b. If Hug — v"H < 6(127?) go to step (4). Otherwise go to c.
c. If k = m,, go to e., otherwise compute u*+! by
ufz+1 = Tdptq + )\Pdn+1 n Ldn+1 n

d. Increment k by 1 and return to c.

e. Set v = 4™ increment n by 1 and go to step (2).

@) Setd. = dp1.

2.3 Linear Programming
If v > Lov then v > v} by Proposition 2.13. For each j € S pick a(j) > 0 and consider the primal LP:
min Z e
Y jes
s.t. v(s) > r(s,a) + )\Zp(j | s,a)v(j),Vs € S,Va € As
jes

where the constraint is equivalent to

)\Zpﬂsa ) > r(s,a),Vs € S,Va € As.
JjeSs

Also, please note that the constraint is equivalent to

()>max{r(5a +)\§ p(j|s,a)v(j)} < v>Lv = v >0y
a€A;
jES

The dual LP, with dual variables x(s, a) foreach s € S,a € Aq, is

max Z Z r(s,a)z(s,a

s€ES acA;
s.t. Z )\ZZ (J1s,a)z(s,a) =a(j),Vje s
a€A; se€SacAs

z(s,a) > 0,Va € Ag,s € S.
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The following theorem shows that there is an ”one-to-one” relation between the feasible set of the dual problem above
and the set of all Markovian randomzied decision rules.

Theorem 2.18

(1) For each Markovian randomized decision rule d, let

za(s,a) =Y a(j) Y N Py (Xp =5,V = a | X1 = j),
jES n=1

then x4(s,a) is a feasible solution to the dual LP.

(2) Suppose that x(s,a) is a feasible solution to the dual LP. Then for each s € S, by a(s) > 0,
Y aca, T(s,a) > 0. Define the randomized decision ruls d3° by

x(s,a)

B Z(LEAS x(87 a) 7

then x4, (s,a) as defined above is a feasible solution to the dual LP and x4,(s,a) = x(s,a) for all
se Sanda € A,.

Proof.
(1) Need to show

)\ZZ (J | s,a)xq(s,a) = a(j)+Zx(j,a).

s€ES acA; a€Ag
Then

DD (| s a)wa(s,a)

SES a€A,
:Z Z Ap(j | s,a) Za(k’) Z)\n_lpdoo<Xn =s,Y,=a| X1 =k)
SES a€A, kesS n=1
:Z Z)\”ZZpﬂsanm(X =s,Y,=a| X, =k)
kesS n=1 acAs seS
= Z a(k) A" Pyoo (X1 = J | X1 = k) [by the fact X, is a Markovian Process]
kes n=1

:Za(k) (Z/\nlpdo"(Xn:.jlxl :k)+P(X1 :]‘X1 :k)—P(Xl =]|X1 :k)>
n=2
=>"a(k) (Z NP (X = | Xy = B) — 1{j = k})

=Y alk ZA" 'Pi (Xp =37 | X1 = k) — a(j)

kes

=Y za(j,a) — a(j)

aEAj

(2) Let z(s, a) be a feasible solution to the dual LP. Define
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Then

u(G) =AD" P(j | s,a)z(s,a) = a(j)

s€ES acA;
. » u(s) |
= u(j) - A P(j | 5, a)a(s,0) 2 —a(j)
’ seZSags ’ ZaeAs (s, a) J

= (i) =AY P | s,a)u(s)P(dy(s) = a) = a(j)

sES a€A;

= u(j) =AY P (5 | s)uls) = a(j)
seS

—u'[l-AP;]=a

— 'LLT — OLT[I* )\Pdm]71 _ CYT <i(}\PdT)n1> )

n=1

T

We can then write:

u(s) = alk) Y AN D0 Pa (X =5 Yn=a| X1 =k)

keS n=1 acA,

=3 > ak)d N Py (Xp=5,Y, =a| Xy =k)
a€A, kes n=1

= Z xdw(saa) = Z LU(j,(L)-
a€A; a€A;

xq,(s) = Za(j) Z X”‘lPdw (n =8,Y,=a|xz =)

jeS n=1

=> a(i) > AN Py, (= s | X1 = j)P(da(s) = a)
JES n=1

=3 "a() > A Py, (zn = 5 | X1 = §)P(da(s) = a)
jES n=1

LR e , (s, a)

= a(j) NP (2, =5 X1 =) =

Z; 2N T S ()

ZaeAs Tdg (s,a)
Z:G,E.AS xda: (57 a’)

= z(s,a) ZaeAs 2(5.0)

= x(s,a)

O

Note (From MDP textbook by Martin L. Puterman). Since by definition, different d constructs different z4(s, a). The
above theorem tells us: whenever I have a policy stationary randomized policy d, I can construct an x, and this x can
be used to construct another d,, while this d, constructs z. Then, since both d, and d are mapped to the same =z,
d, = d. Similarly, if two x, x’ are mapped to the same d, they are equal (directly from (2) of the above theorem). That
is, the mappings we have above are one-tfo-one mappings.

Now since a(s) > 0 Vs € S, without loss of generality, we may assume ) | ¢ «(s) = 1. Then, we can consider
the x(s, a) defined in (1) of the above theorem as the total discounted joint probability under initial-state distribution
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{a(j)} that the system visits s and choose action a. To be more specific, if we consider r(s, a)z(s, a), we get
(o)
Za(j) Z N (s,0) Py (X = 8, Y, = a | X1 = j),
JES n=1
and if we sum over all a and s, then this is
N\ d .
> a(i)vy (),
jes
where vif (7) is the expected discounted reward starting at j. Thus we have
N\ d .
D oalym () =D Y wls,a)r(s,a),
jeSs SES a€A,
which is the expected total discounted reward under policy d5°. Combining with the theorem above, we know for any

policy d,
S a(d () =D > wals,a)r(s,a),

JeES seSacAg

Proposition 2.19

(1) Let x be a basic feasible solution to the dual LP, then d, is a deterministic Markovian decision rule.

(2) Suppose that d is a Markovian deterministic decision rule, then x4 is a basic feasible solution to the
dual LP.

Proof.

(1) Since x is a BFS, and .4 z(s,a) > 0, for each s, there is exactly one a; € A such that (s, as) > 0,
otherwise, if it has two positive entries, you can perturb them to get two feasible solution such that z is in their
convex hull. Then

P(d,(s) =as) =1,
P(dy(s) =a) =0Va € As\ {as}.

(2) Suppose z4(s,a) is feasible but not BFS. Then there exists distinct feasible w(s, a), z(s,a), and 0 < 8 < 1
such that

xq(s,a) = pw(s,a) + (1 — B)z(s,a).

Notice that >, ., w(s,a) > 0,3, 4 2(s,a) > 0. If at least one of them has two nonzero entries, we have
w(s,a) > 0, z(s,a’) > 0 for a # a/, and hence P(d,(s) = a) > 0 and P(d,(s) = a’) > 0, so d, is not
deterministic. If they both have exactly one nonzero entry, then x4(s, a) has exactly one nonzero entry for this
s, it is a BFS or same to the previous case, it is not deterministic, we are done.

O
(1) There exists a bounded optimal solution x* to the dual LP.
(2) Suppose that x* is an optimal solution to the dual LP. Then d33 is an optimal policy.
(3) Suppose that x* is a basic optimal solution to the dual LP. Then d2% is a deterministic optimal policy.
(4) Suppose d*°° is an optimal policy. Then x4~ is an optimal solution to the dual LP.

(5) Suppose d*°° is a deterministic optimal policy. Then x4+ is a basic optimal solution to the dual LP,
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Proof.

(1) Notice that since S, A are finite, we always have a feasible solution for the primal, so the dual always has an
optimal solution.

(2) Let v* be an optimal solution of the primal, notice that by the constraints of the primal, v* > Lv*, so v* > v}.

Za(s)v*(s) = Z Z r(s,a)x(s,a)

seS s€eSacA,
_ Z (Z z*(s,a)) (Z r(s,a)P(d.(s) = a)>
seS \a€A, a€Ag
= ’LLTTd;g

= OzT[I — )\Pdm*]_lezo*

d2s
= als)y (9),
ses
where u(s) := (Y ,c 4, 2*(s,a)) andu” = T[T — APy,.]~". Then by definition v} > viio, and a(s) > 0,
* * dr * * dz

Za(s)v (s) = ZQ(S)UA(S) = Za(s)v/\ (s) = v™(s) =vi(s) =vy" (s) Vs €S,

ses s€ES ses
so d32 is optimal.

(3) Follows from (2) and the previous proposition.

(4) Let x be an arbitrary feasible solution to the dual LP and build policy d such that x(s, a) = z4(s,a). Also, let
x4+ be the feasible solution built from d*.

Z Z r(s,a)zq-(s,a) = Za(s)vf\d*)‘”

SES a€A, seS

> Z a(s)vfoo

ses

= Z Z r(s,a)zq(s,a)

se€SacA;

= Z Z r(s,a)z(s,a).

s€SacAg

Since x is arbitrary, x4+ is optimal.

Proposition 2.21

For any positive vector «, the dual LP has the same optimal basis. Hence, (d,~)> does not depend on the
choice of a

Proof. Let x* be the optimal basis so z*(s,a) > 0 for only one a € A,. From sensitivity analysis, changing « only
affects feasibility but not optimality of the basis. Hence, we show that the basis corresponding to z* remains feasible
as long as « is positive. We let =* be the part corresponding to positive entries, then

()T (I- APy )=a <= 2" =(I—-\P;.) 'a’ >a’ >0.

Not that the value of * might change as a changes, but the positive entries’ positions are not, so the basis stays the
same, that is, d,» does not changes as it’s a deterministic policy choosing the unique action a with 2*(s,a) > 0 for
each s. O
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Example 2.3. Consider our previous example again:
S = {s1,82},As, = {a11,a12}, As, = {a21}

and

1
p(s1]s1,011) = 5

1
p(s2|s1,a11) = 5
p(s2|s1,a12) =1
p(s2]s2,a21) =1

and A\ = 0.95. We also have
r(s1,a11) = 5,7 (s1,a12) = 10,7 (s2,a91) = —1.

The primal LP formulation, with a (s1) = «a (s2) = %, is

1 1
mviniv (s1) + Y (s2)

s.t. v (s1) —0.95[0.5v (s1) + 0.5v (s2)] > 5
v(s1) —0.95v (s2) > 10
v (s2) —0.95v (s2) > —1

and the dual LP is

max bz (81, CL11) + 10x (81, CL12) —-x (52, a21)
S.t. S1, (111) +x (81, a12) —0.95 [051‘ (51, (le)] =3
S2,a21) — 0.95[0.52 (s1,a11) + = (51, a12) + 2 (S2,a21)] = %

»
[y

Q
[
—

a (
 (
a (
 (
a (

and the dual LP can be solved to get the optimal solution

z* (81, 811) = 0.9523
$* (81, 812) = 0
z* (82, 821) =19.0476

2.4 Action Elimination

Proposition 2.22

Iffora’ € As,r(s,a') + XY csp(d | 5,a)v3(j) < vi(s) then

a' & argmaz < r(s,a) + )\ZPU | s,a)v3(4)
a€A, jES

Proof. We know

v3(s) = max {r(s,0) + A Y p(j | 5. @) ()}

a€A,

but we have ,
T (s,a ) + )\Zp(j | s,a")vy(j) < vx(s)

JjeS

Clearly o’ cannot be optimal in state s. O
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Proposition 2.23

Suppose there exists v* and vV such that v> < vy < VY. Then if for o’ € A,,

r(s,a) + XY p(j | s, a)v"(j) < v*(s)
jes

any stationary policy that uses o/ in state s cannot be optimal.

Proof.
r(s,a’) + XD P(j | 5,0 )v3(5)
JjES
<r(s,a’) +AY_ P | s.a)03()
j€s
<v(s) < v3(s)
so a’ is not optimal from the previous result. O

Theorem 2.24

Let V7 be the set of structured values and D° be the set of structured decision rules. Suppose that for all v
there exists Lqv = Lv and ||rq|| < M < oo for all d and that

(a) v € V7 implies that Lv € V7
(b) v € VO implies that there exists d € D° N arg maxy Lqv
(c) for any convergent sequence {v"} C V7 lim, o, v™ € V7.

There exists an optimal stationary policy (d*)™ where d* € D°.

Proof. Choose v° € V7 and set v™ = Lv™~!. Then from (a) we know that v € V? for all n € N. But from (c) we
know that v™ — v} € V. Finally, from (b) we have the existence of d* € D? and

d* € D? NargmazLgvy.
d

O
Theorem 2.25

Consider S ={0,1,...},A; = Aforalls € S. If
1. r(s,a) is non-decreasing in s for all a € A,
2. 3272, p(j | 5,a) is non-decreasing in s for all k € S and a € A,
3. r(s, a) is super(sub)additive on S x A, and
4. 32725, 0(j | 5,a) is super(sub)additive on S x A,

then there exists an optimal stationary policy (d*)™ for which d*(s) is non-de(in)creasing in s.

Proof. Let us define
V7 = {v : v(s) is non-decreasing in s}

D? = {d : d(s) is non-decreasing in s}
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and let v° = 0. Then v'(s) = maxueca,,{r(s,a)} = v! € V7. Assume that v" € V°. We will show that
vt € V7. We have

n+1 o . n(:
v (s) = max ¢ 7(s, ) +A;p(9 | s, a)v"™(4)
J

=r(s,a) +2Y_p(i|s.a)v ()
JES
and suppose that s’ > s. Then

v (s) =7 (s,al) + A p (i | s ap) 0" ()

jES

Lal)+ A p(il s al) v ()

jeS
<
< max (7 r(sha)+ 2> p(ils,a) o)
JjeS
:vn—i-l (S/)

Thus, {v™} € V7 and v™ — v} € V7 by the fact that pointwise limit of a nondecreasing vector is nondecreasing.
Suppose that v € V7. Does there existad € D?? For s~, sTand a~ < a™ we have

oo o0

p(Glstat)+p(G s a)]vG) =S [pGlsTa)+p@|s,at)]v()

j=0 j=0
and so

r(s,a) + A p(i | s,a)v(4)

J=0

is superadditive. Hence, there must exist a decision rule
oo
d(s) € argmazx § (s, a) + )\Zp(j | s,a)v(j) p N D°
acA -
7=0
which is non-decreasing in s from the finite case theorem. That is, since
oo
r(s,a) + XY _p(j | s,0)0(j)
§=0

is superadditive, we can always pick the largest a attaining the maximum, which gives a non-decreasing d by Lemma 1.12.
O

Consider S ={0,1,...},A; = Aforalls € S. If
1. r(s,a) is non-increasing in s for all a € A,
2. 3272 p(4 | 5,a) is non-decreasing in s for all k € S and a € A,
3. r(s,a) is superadditive on S x A, and
4. Zjoik p(J | s, a)u(y) is superadditive on S x A for non-increasing u,

then there exists an optimal stationary policy (d*) for which d*(s) is non-decreasing in s.

Proof. Similar to the above, notice how Lemma 1.14 is used. O
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Monotone Policy Iteration Suppose S = {0,..., K}
1. Choose dy which is monotone non-decreasing in S. Set n = 0.
2. Find v™ by solving (I — APy, )v =14,.
3. Sets =0and A = A'.
(a) Set

A/: = argmax,¢ 4, T(S, a) + )\Zpt(j ‘ 570;)1)77.(j)
jeSs

(b) If s = K go to step 3d), otherwise set

AL, ={ae A, :a>max{d € Al}}
(c) Substitute s + 1 for s and return to 3a).
(d) Pick dgf)rl € A% setting dy, 11 = d,, if possible.

4. If dy4+1 = dy, stop and set d* = d,,. Otherwise, substitute n + 1 for n and go to step 2
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3 Long-Run Average Reward Optimality

3.1 Long-Run Average Reward
Let m = (dy,da,ds,...), {X; : t > 0} be the underlying Markov Chain. Recall that if 71 (s) = 0,

N

vh4a(s) =E" lzr (X, Y2)

t=1

Definition 3.1

Ifm=(d,d,...), define the long-run average reward (gain) under policy 7 starting from s,

X1:S‘|.

N
™ : 1 i : 2 N—-1 : 1 n—1
g"(s) = lim NUNH(S):J\}gnoord—i—Pdrd—i—Pdrd—l—...—i—Pd rdzj\}gnooNZP ra, (s)

N—o0
n=1

and we also define

1 N—-1
P* = 151100—213
n=0

T : : 1 N n—1 .
Hence, g™ exists when limy o0 + > ,—q P exists.

Suppose lim,, ,~ a, = a¥, then the Cesaro limit: limpy_,~o W = a* but lim,, ., a,, might not exist
while the Cesaro limit does.

So by the lemma above, if lim,,_, o P} exists, limy_,oc % 22;1 Pn—1 exists. If the stationary distribution exists,

lim,,, o P} exists. If the Markov Chain has finitely many states, then the row s of limy_, % 227:1 pr-1 represents
the long-run time spent in each state when starting with state s.

Proposition 3.3

If S is finite, then

1 N
. n—1 __ *
NN Z_l Fa =t

always exists for any d*>°, and we have
9% (s) = Pjra(s)-
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Definition 3.4

Define

T : 1 *
g% (s) = limsup NUN_H(S)
N—oo

x P
9Z(s) = liminf ok (s)
A policy * is long-run average optimal if

g" (s) > g7(s) forall m

A policy * is limsup optimal if

*

g% (s) > g7 (s) forall m

A policy * is liminf optimal if

*

g~ (s) > g7 (s) forall =

Proposition 3.5

Let S be countable. Let d* be a stationary Markovian randomized policy and suppose that P exists, then
94" (s) = Pjra(s).

Definition 3.6

Let P denote the probability transition matrix of a Markov chain {X; : t = 1,2, ...} and r(s) a reward func-
tion for each s € S. We refer to the bivariate stochastic process {( Xy, (X)) :t =1,2,...} as a Markov
reward process.

Remark. If P* exists,

1 N
9(s) = [P"rl(s) = Jim — > P"lr(s)
n=1

Proposition 3.7

Suppose that P* exists. If j and k are in the same irreducible class, g™ (j) = g™ (k). Furthermore, if the
Markov chain is irreducible or unichain (i.e. a single recurrent class plus some transient states), then g™ (s) is
a constant function.

Claim. If n > 1,(P — P*)" = P" — P*
Proof. When n = 1, it’s trivial. We do induction on n. Then
(P — P*)™ = (P" = P*)(P — P*)
= p"tt — pnp* — p*P + P*P*
— Pn-‘rl _ P*,

where we know that PP* = P*. O
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Definition 3.8

The bias vector is defined as

h=(I—-P+P) " (I-P*r
Note that

(P" — P*)(I — P*) = P" — P* — (P" — P*)P* = P" — P* — (P* — P*) = P" — P*,

and -
(I-P+P) ' (I-P)=) (P"-P)
n=0
from the fact that
(I-P+P) ' =) (P-P)'=I+) (P"-P)
n=0 n=1

and hence

(I-P+P) " (I—-P)= (I - P¥)
")

(I—P)+§:(P P
:(I—P)+i(P”—P

=Y (PP

n=0
Therefore, the bias function, can be expressed as
oo oo
h=(I-P+P) " (I-P)r=> (P'r—Pr)=)Y (P'r—g)
n=0 n=0

and we can interpret

h(s) = E4

Z (r (St) — g (S¢))

In fact, we can also interpret i as capturing the transition behavior of the Markov Chain. If we write h =
oo o(P™ — P*)r, it measures the performance of this policy before it reaches stationary.

Remark. Note that since vy 41 = Zi\; 1 P!~y then

S (Pt g)

1

h

~
Il

o0

(Pt_lr — g) + Z (Pt_lr — g)

t=N+1

I
] =

~
Il
—

Pl —Ng+ Y (P =Py
t=N+1

I
] =

~
Il
-

=ons1 — Ng+o0(1)
and hence
on41(s) = h(s) + Ng(s) + o(1)
and as N — oo we have vy 11(s) — h(s) + Ng(s). Now suppose that states j and k belong to the same recurrent
class. Then, g(j) = g(k) which implies

li

im
N—o0

[oN+1(J) — vn41(k)] = h(j) — h(k)
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which is why the bias h is also called the relative value function.

Theorem 3.9

Let S be finite and let g and h denote the gain and bias vectors of a Markov Reward process with transition
matrix P and reward vector r. Then

(a) I—-P)g=0andg+ (I —P)h=r
(b) Suppose that g and h satisfy (I — P)g = 0and g+ (I — P)h = r. Then g = P*r and
h=(I—-P+P) ' (I-P)r+u
where (I — P)u = 0.
(c) Suppose g and h satisfy the equations in (a) and P*h = 0, then

h=(I-P+P) I~ P*)r

With (b) and (c) above, we know that 2 computed in (b) is a “’shifted” bias while the one in (c) is the true one.

Proof.  (a) Directly (I — P)P*r = (P* — P*)r =0 and

g+ (I —P)h
=P'r+(I=P)(I=P+P)" (I-P")r
=P*r + (I — P) i (P" — P*)r

n=0

=P*r+Y» (P"=P*—P"" 4+ P*)r
n=0

=P*r+ Y (P"=P")r
n=0

=P*r+ (I —-P*)r

=r

(b) We first note that adding the first equation plus P* times the second equation. By P*(I — P) = P* — P* =0,
it gives us
P*g+g—Pg=P'r
= ([I—-P+P")g=P'r
—g=(I—-P+P") " P*r

=g = Prr

I+> (P"—P")
n=1

=g = P'r,
where [I — (P — P*)]7! =32 (P — P*)™.

In part (a), we have shown that h = (I — P + P*)~' (I — P*)r satisfies g + (I — P)h = r. Suppose that A’ is
another vector satisfying g + (I — P)h' = r. Then

g+(I—-Ph=randg+ (I —-P)h =r

implies that

—Uu
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(c) Giveng + (I — P)h = r, P*h = 0, we have
P'r+(I—-Ph=r,Ph=0,
which implies

Pr+(I-P+PYh=r = (I-P+PYh=(—-P)r = h=(I—-P+P)'(I-Pr

O

Remark. Note that if g is a constant vector, then since P is a probability matrix, then (I — P)g = 0 trivially

Corollary 3.10

Suppose P is unichain. Then the long-run average reward P*r = ge where g € R is a constant, and it is
uniquely determined by solving
ge+ (I —P)h=r,

where the other equation (I — P)ge = 0 is redundant.  Furthermore, if P*h = 0 then h =
(I-P+P) " (I-P*)r

Proof. Suppose g and h satisfy the above equation. Then by the previous theorem, P*r = ge and
h=(I—-P+P) ' (I-P)r+ke

for any scalar k. Furthermore, as P*h = O then h = (I — P4+ P*)™" (I — P*) .

|

Lemma 3.11: Laurent Series Expansion

ForO< A<l p= % = A= ﬁ. Then the infinite horizon expected value is
1+ >
vy = Tpg+(1+p)h+(1+p)2p Un»

n=1

for some y,,, which is equivalent to

1277 £\
_ 1
— = PR — 2 E _

Proposition 3.12

Let g and h represent the gain and bias of a Markov Reward process with finite state space S. Then,

vy = % RN+ fO

where f () is a vector whose components converge to 0 as A 1 1.

Apply the results above,

Corollary 3.13

We have
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3.2 C(lassification of MDPs

(a) Recurrent: if the transition matrix corresponding to every stationary deterministic policy yields an irreducible
Markov chain.

(b) Unichain: if the transition matrix corresponding to every stationary deterministic policy yields a single recurrent
class plus some (possibly none) transient states.

(c) Communicating: if for every pair of states s and j there exists a deterministic stationary policy under which j is
accessible from s, that is pJj (s | j) > 0 for some n > 1. Note that they do NOT need to communicate under the
same policy.

(d) Weakly communicating: if there exists a closed set of states which is a recurrent class under some deterministic
stationary policy, plus (possibly empty) set of transient states which is transient under every policy.

(e) Multichain: if there exists a policy under which Markov Chain has multiple recurrent classes.

Example 3.1 (Inventory problem revisited). Suppose the warehouse has a capacity of 3 units. We are given

P(D;=0)=0p
S ={0,1,2,3}
As ={0,1,...,3—s}
d(0)=1
d(1)=0
d2)=1
d(3)=0
The transition plot is below:
p P
L=p ‘ D 1-p P
1-p 1-p
Consider a separate policy
0(0)=3
6(1)=0
4(2)=0
03)=0

The transition plot is below:
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1-p D 1—p

These two policies, d and 4, imply this is a communicating and multichain MDP.
Example 3.2. Given S = {s1,s2} and A5, = {a11,a12}, As, = {a21}, define

p(s1]s1,a11) =1
p(s2]s1,a12) =1
p(s2|s2,a21) =1
and d (s1) = a11,d (s2) = as1,0 (s1) = a12,0 (s2) = a2 and the policies d and ¢ imply that this is multichain. Note

that this is not a weakly-communicating because s; is not transient under every policy and even though 4 gives a single
recurrent class.

Example 3.3. S = {s1,s2}, As, = {a11}, As, = {a21,a22}.
P(sy | s1,a11) =1, P(s1 | 82,a22) =1, P(s2 | s2,0a21) = 1.

Consider d(s1) = a11,d(s2) = az; and §(s1) = a11,(S2) = az2. Thus the MDP is unichain and communicating.
Example 3.4. S = {s1,s2}, As, = {a11,a12}, As, = {a21,a92}.

P(s1]s1,a11) =1,P(s2 | s1,a12) =1, P(s2 | s2,a21) =1, P(s1 | s2,a22) = 1.

di(s1) = a11,d1(s2) = ag
da(s1) = a1 2(52) = as
ds(s1) = a12,ds(s2) = as
dy(s1) = a12,ds(s2) = ag

Thus the MDP is multichain (by d;) and communicating (by ds, d3, dy).

Proposition 3.14

1. A Markov decision process is communicating if and only if there exists a randomized stationary policy
where the chain is irreducible.

2. A Markov decision process is weakly communicating if and only if there exists a randomized stationary
policy under which the chain has a single recurrent set with some set of transient states where under any
policy, these states must be transient.
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Theorem 3.15

Assume a weakly communicating model and let d be a Markovian deterministic decision rule.

(a) Let C be a recurrent class in the Markov Chain corresponding to d*°. Then there exists a deterministic
decision rule 0 with §(s) = d(s) for all s € C and for which the chain generated by d has C' as its
irreducible set.

(b) Suppose the stationary policy d> has g% (s) < g*” (8') for some s € C,s' € S. Then there exists a
stationary policy 6°° for which

Proof.  (a) Let T be the set of transient states that are transient under all policies. Then Jsq € S\(T'U C) and
ay, € A, such that

> P (il s0,a4) > 0.

jec

If S = T'U C, there exists sg € T should work too because at least one transient state should go to C'.
We then set §(sg) = as, and augment 7" U C with T'U C' U s and continue in this fashion until §(s) is defined
for all s € S\T. By definition of T, there exists s’ € T and ay € Ay for which

Z P(j|s,as)>0
JES\T
We then set 0 (s') = ay.

(b) If s’ € C then the result follows from (a) with ¢°" (s) = ¢° (s') = g% (s’) by the g is constant in the same
recurrent class. If s’ is transient under d* then there exists a recurrent state s” for which

(s)

since essentially g~ is a weighted average of all gains for recurrent states it can end up in. So there exists s”
which yields the largest gain. Then apply (a) when C is the closed set containing s”. We will get

o

gd°° (SN) > gd

oo

9T =9 () =9 (8) 29" (¢).
O
Assume a weakly communicating model and let d be a determinisitic decision rule.

1. Given a Markovian deterministic decision rule d there exists a Markovian deterministic decision rule 6
for which ¢°" is constant and ¢°~ > g% .

2. If there exists a stationary optimal policy, there exists a stationary optimal policy with constant gain.

3.2.1 Unichain Markov Decision Processes

Remark. The Optimality Equations for Unichain MDPs are:
maxaea, {7(5,0) = g+ Xyes 0l | 5:a)h() = h(s)} =0

maxg {rq — ge + (Ps— I) h} =0
g+ (I —P)h =r
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where the first equation is equivalent to

g+ h(s) = max S r(s,a) + " p(j | ,0)h()
? jes

— m(?x{rd —g'e+ (P;—Dh} =0.
This is because, we know that

vy = ﬁg 6+X+f(>\) —%ag{rd+>‘PdvA}

which implies that

0:%;1[))({7“6;4— (AP; — T) vy}

h
= max {rd + (AP —1) L_l)\g*e + X + f(/\)} }

1 h
— s {ra+ OB = D) oo+ 0P - D S+ 0m -1 00}

A—1, h
—{ineag)c{rd-ﬁ-l/\g €+()\Pd—1))\+()\Pd—])f()‘)}

where the second last to the last line is by AP ge* = Ag*e. And if we take A 1 1 then

Ozmgx{rd—g*e—i—(Pd—I)h}

Alternatively, since
vn+1 = Ng'e+ h+o(1)
vy = (N = D)g*e + h+o(1)
and
vy = max {rq + APguy }

then
Ng*e+h+o(1) = max {rg+Pi((N —1)g*e+ h+o(1))}

and hence by Pye = e,
0= I;lag({?”d —g'e+(Pa—1I)h+o(1)}
c

andas N — 00,0 = maxgep {ra — g*e+ (Py — I) h}.
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Theorem 3.17

Suppose S is countable,

(a) If there exists a scalar g and a vector h which satisfy
— — <
Idneaf)({rd g+ (Ps—1)h} <0
then ge > g%.
(b) If there exists a scalar g and a vector h with
— — >
I;leaf)({rd g+ Pa—1I)h} >0
then ge < g*.
(c) If there exists a scalar g and a vector h with
Ilgle%({rd*g‘F(Pd*I)h} =0

then ge = g} = g* = g*.

Proof.  (a) We can write the condition as maxg{rq + P;h} < ge + h, then we have

ge+h >rq+ Pyhforalld
7w = (dy,ds,ds,...)
ge >rq, + (Pa, —I)h = ge = Py, ge > Py, ra, + Pa, (Pa, — I)h
ge > Py, Py,ray + Pa, Pa,(Pa, — I)h

ge > Pd1Pd2 - PdN71TdN + Pd1Pd2 S Pdel(PdN — I)h
Add the ge > inequalities up, we get

Nge > [le + Pyra,+...+ Py, Pa, ... Pay_,ray + (Pd - I)h]
4 Py (Pyy— Dh+ ...+ Py Py, ... Pay (Pay — D

Treat the terms in the square bracket as an expected reward with x4 = 0, then we get

vE 1
J]VV.“ + % ((Py = Dh+ Py, (Pay — Dh+ ...+ Py, ... Py (Pay — D)

ge >

(€3]

where (1) equals to 4 (P, Py, ... Pay — I)h and || Py, ... Py h||< [|h]|< oo, and so limsupy_, (1) = 0.
Thus

Iy
UN+1

ge > lim sup
N—oc0

= ge>g}.

(b) By maxg{rq+ P;h} > ge+ h, there exists d such that ge < ry+ (P; — I)h. Let m = d*°. Using the argument

in part (a), we have
Uflvojrl
<g

ge < liminf
N—o00
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Theorem 3.18

Suppose S and A for each s € S are finite, and the model is unichain

(a) Then there exists a scalar g and a vector h for which

O:gleag{rd—geJr(Pd—I)h}

(b) If there exists any other solution (¢', h') then g = ¢'.

Definition 3.19

A decision rule dy, is called h-improving if

dp € argmazx {rq+ Pgh},
d

or equivalently
rd, + Pdhh = mcfliX{Td + Pdh}

is an optimal policy.

Theorem 3.20

Suppose scalar g* and h vector satisfy the unichain optimality equations. Then if d* is h-improving then
(d*)®° is a long-run average optimal policy.

Proof. Note 0 = maxg{rq—g* e+ (Pg;—I)h}, sod* € argmax{rqy+ Pyh} implies 74~ + Pg«h = maxq{rq+ Pah}.
Hence,
rg- + Pgeh —g'e —h = mgx{rd —g'e+ (P;—1)h} =0,

)oc

O

which implies g*e + (I — Pg-)h = r4- and g* = g(¢"

Theorem 3.21
Suppose S and Ag for all s € S are finite, then
(a) There exists a stationary optimal policy.
(b) There exists g* and h satisfying the optimal equation.
(c) Any stationary policy derived from h-improving decision rule is long-run reward optimal,

(d) g'e =93 =g~.

Value Iteration Algorithm Define:
sp(v) = maxv(s) — minwv(s)

S S
which is a semi-norm.
1. Select vY, specify € > 0, and set n = 0.
2. For each s € S, compute v" ! by

vt (s) = max r(s,a)+ Y p(i|s a)"(j)
? jES
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3. Ifsp (v”“ — v”) < € go to step 4; otherwise increment n by 1 and return to step 2.

4. For each s € S choose,

dc(s) € argmaz $ r(s,a) + Y p(j | s,a)0" ' (j)
a€A; jes

Theorem 3.22

Suppose S and Ag are finite for each s € S, r(s, a) is bounded and the model is unichain. Then for a vector v

we have
min(Lo(s) — v(s)) < " <g < max(Lo(s) — v(s))

where d € argmax {rq + Pav}.

Proof. For any v improving d, by definition,

9" = Fira=Filat Pay —

Lo
= Pd[LU — U]
> Py msin(Lv(s) —v(s))e

= msin(Lv(s) —v(s))e

and

min(Lo(s) — o(s) < 9 < g°

We know that there exists a 9> such that g%~ = g*. Hence

g'e =¢° e = Pirs = Pf[rs + Psv—v)

<Lwv
< P{[Lv — v]
< Py meakg([Lv(s) —u(s)le

= r;leag([Lv(s) —v(s)le

O

Theorem 3.23

(i) d2° is an e-optimal policy where

de(s) € argmaz { r(s,a) + > p(j | s,a)0™ () ¢,
a€Ag jes

where v™ 1 = Lo™. Then |g* — g(@)™ |< e

€

(ii) Define ¢ = 3 [max, (v"(s) —v"(s)) + ming (v" 1 (s) —v"(s))]. Then |¢' —g*| < & and

9" = g7 < 5.

Proof.
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(i) We need |g* — g(%)™ |< e. Using the previous result

min (L"(s) — 0" (s)) < 6™ < " < max (Le"(s) — "(5))

and sp(v" Tt — o) <e.
(i) Note thatifz <y < zand z — x < € then
1 1
fg <gle—2)<y—g@ta)<

We know that

ses ~—~ seS
y
and so
o 1
+1 o Lo +1 +1
—— <=z (sp(v"t =0")) <y 2(13213 (" (s) —v™(s)) + max (0" (s) —v"(s)))
g/
< 1 (sp (U"+1 —v")) < <
-2 2
The same argument applies by the previous theorem and replacing ¢(%)” by g*.

Theorem 3.24

Suppose that all stationary policies yield unichain Markov chains and that every policy has an aperiodic
Markov chain. Then the value iteration converges in a finite number of iterations.

An aperiodic transformation Choose 0 < 7 < 1 and define
7(s,a) = 7r(s,a)
P(j|s,a)=(1—=m)1(j =) +7p(j | 5,0)

S P(jls,a)=(1-7)+> 7P(j|s,a)

Jjes jes
—(1-7)+7 > P(j|sa)
JjES
=1l—-74+7=1
deTTd

Pd:(lfT)I+TPd

Proposition 3.25

For any decision rule d,

P; = Pyand §* =7¢*".
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Proof. We need P} P; = P;P; = P}. Directly,

PiPy= P (1—7)I+7Fy)
=(1—-7)P;+7P;P;
=P, —71P;+7P] =P

and hence

P;P; = (1—7)P; +TP4P} = P}
Now

-~ ~ ~ oo
Ga = Pyfq = Pyrrq = TPjrg = 79%

The set of long-run average optimal stationary policies under the original and the transformed model are the
same. That is, §* = Tg*.

Policy Iteration for Unichain Models
1. Set n = 0 and select an arbitrary decision rule d,,.

2. (Policy evaluation) Obtain a scalar g,, and a vector h,, such that
rd, — gne+ (Pa—I)h, =0.
3. (Policy improvement) Choose d,, 11 to satisfy
dpy1 € argmax {rq + Pih,}
d
and setting d,,+1 = d,, if possible.

4. If d,+1 = d,, stop and d* = d,,; otherwise increment n by 1 and go to step 2 .

Doing Policy Evaluation

1. Choose h,, to satisfy Pj hy, = 0.
2. Pick a recurrent state so under d,, and set h,, (so) = 0.

3. Choose h., to satisfy

—hp+ (Py, —DHw=0

for some vector w.

Proposition 3.27

Suppose that d,, 1 € argmax {rq + Pih,}. Then,
(@) gn+1€ = gne + P;ikn+1 [rdnﬂ — gne+ (Pdn+1 - I) h"]

(b) If I:Tdn+1 — gne + (PdnJrl — I) hn] (s) > 0 for some state s which is recurrent under d,, 1 then g, 11 >
In-

(c) If I:Tdn+1 — gne + (Pdn+1 - I) hn] (s) = 0 for all s under d,, 11 then gn+1 = gn.
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Directly,

Proof.  (a) By computing d,,+; and optimality equation, g, 1€ = P;{nﬂrdn -

gn+1€ = Pdn+1[ dnyr — Yn€ T+ g”e]
= gne+ Pdn+1 I:rdn+1 — gne + (Pdn+1 - I) h”]

Py =P I

n+41 dpy1 "

by Py . gne =gneand Py

(b) Given the assumption, then P} [r4,,, — gne + (Pa,, — 1) hn] (s) > 0 for recurrent state.

(c) The vector above is zero when the state is transient.

Suppose the Markov decision process is recurrent. Assume the set of states and actions are finite. Then the
policy iteration converges monotonically in a finite number of iterations to a solution (g*,h) and average
optimal solution policy (d*)

Proposition 3.29

Suppose d,, 1 € argmaxg{rq + Pih,}, then

h(dn+1 = h(d )= P;n+1h(dn)oo + (I - Pdn+1 =+ P:ikn_*_l)il(]’ - P;n+1)[rd"+1 — gne + (Pdn+1 - I)hn]

Proof.
h=(I—P+P)YI-P)r
h(dn+1)°° = (I - Pdn+1 + P; +1)—1(I - Pc? _H)Tdn-ﬂ
(I Pdn+1 + Pdn+1) 1(‘[ Pdn+1)[ n+1 g'ﬂe + gne + (Pdn+1 - I)hn - (Pdn+1 - I)hn]

Now for a general h and P, P*, we have
JJe=0

(I — P*) (P =1

:P—I—P*+P*+Z(P”+1 — P")
n=1

=P-I+P"—P=P -1
Then plug the above two equations into {4+ get
W)™ = (I = Papy + Pi )7 = Pi ) = 9ne + (Payy = Dha] = (Payy = Dhn.
Then by the optimality equation and MDP being a unichain, h% — h,, is a constant vector, so by Corollary 3.10

Py, = D(hn —h*) =0

n41

plug this equation in, we get the required result. O
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Proposition 3.30

Suppose d,, 1 € arg maxq{rq + Pih,}. If

[Tdn+1 — gne+ (Pdn+1 - I)hn](5> =0
Sfor all s that are recurrent under (d,,+1)°°, and
[Tdn+1 — gne+ (Pdn+1 - I)hn](SQ) >0

for some s that is transient under (dpy1)> then h{+1)% (s) > h(4)™ (s) for some s which is transient
under (d,4+1)°.

Proof. If
[Tdn+1 — gne + (Pdn+1 - I)hn](s) =0

for all s that are recurrent under (d,,+1)°°, then d,,1(s) = d,(s) for all recurrent state s.

r(s,dng1(3)) + D PG | 5 (5))hn(§) = max qr(s,a) + 3 P(j | 5,a)hn(j)

Since Py, (j | s) = 0if s is recurrent and j is transient under d,, 1, (d,,+1)° and (d,,)> have the same recurrent
states. Then Py = Py . O

Note. The above proposition shows that while the gain stays the same under policy iteration, the bias might change.
The actions might remain the same but only for the recurrent states, so you can stop because of the gain optimality;
even though the value iteration might not when one seeks to find a policy being both gain and bias optimal (which is
not covered here).

Proposition 3.31

In the unichain models, the iterates of the policy iteration has the following properties:
1. gldn+)™ > gldn)™ op
2. gm0 = g(dn)™ pyg p(dnt )™ (5) > h(@) (5) for some s € S or

3. g(dn-l-l)oo = g(dn)m and h(dn-l-l)oo = h(dn)oo

Example 3.5. Consider our old example again:

S ={s1,82},As, = {a11,a12},As, = {a2}

and
1
p(31 | 817@11) = 5
1
P(Sz | 81,a11) = B}
p(s2|s1,a12) =1
p(s2|s2,a21) =1
and
r(slaall) = 577'(81)0'12) = 1077'(82)0421) =-1

‘We have
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do (s1) = a12,dp (s2) = an

Now,

0=10—g—h(s) — h(s2)
0=-1-g=g=-1
and also h (s2) = 0,k (s1) = 11. Hence,

1 1
dy (s1) Eargmax{5—|—2-11+2-O,10+1-0} = a11
and similarly d; (s3) = ag;. Next,
1 1
0=-1-g=g=-1

and also h (s2) = 0,h (s1) = 12. Hence,

1 1
dg(sl)eargmax{5+2-12—|—2-O,10+1~0}=a11.

3.3 LP for Unichain MDP

The LP formulation is

min
h,g g

s.t. g+ h(s) — Zp(j | s,a)h(j) > r(s,a),Vs € SandVa € A,
j€s

and using dual variables z(s, a), the dual formulation is

seSacAs
st Y w(ja) =) > pli|sa)e(s,a)=0,Vj €5
a€A; seES acAg
Y st -1
seSacAs

z(s,a) > 0,Vs € SandVa € As,.
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Theorem 3.32

Suppose that the MDP is irreducible.

1. For each Markovian randomized decision rule d, define
za(s,a) = P(d(s) = a)lla(s)
foralls € S;a € Ag and 11 is the stationary distribution. Then x4(s, a) is a solution to the dual LP.

2. Let x be a feasible solution to the dual LP. Then for each s € S}, 4 x(s,a) > 0. Define a random-
ized decision rule as

x(s,a)

EaEAS J)(S, a) .

Then x4, is a feasible solution the dual LP and x4, (s, a) = x(s,a).

P(dy(s) = a) =

Proof. 1.
> PG) = a)lla() =Y > P | 5,a)P(d(s) = a)la(s)
a€A; scSacA;
=T4(j) = > Ta(s) < > P(j|sa)P(d(s) = a))
seS a€A,
=I14(j) = Y _Ta(s)P(j | 5) =
ses
and

S5 Pd(s) = a)lla(s) = S Ta(s) 3 Pd(s) = a) = 3 Ma(s) = 1.

s€SaEAs seS acAg sesS

2. Define v(s) = > _,c 4. (s,a). Let 8" = {s € S : v(s) > 0}. We need to show " = S. z(s,a) = P(ds(s) =
a) Y aca, ¥(s,a) = P(d.(s) = a)v(s) and

= unique solution v(s) = IIg, (s) > 0.

{vm — Y5 PaG | $)o(s) =0

1. Suppose x* is a basic optimal solution to the dual LP. Then the stationary policy (d%)™ in which we
choose d«(s) = aif £*(s,a) > 0 is an optimal stationary deterministic policy.

2. Suppose d is a Markovian deterministic decision rule, then rq = Il is a basic feasible solution to the
dual LP.

There exists a bounded basic optimal solution x* to the dual LP and the policy using decision rule d- such
that d.-(s) = a if £*(s,a) > 0 is an optimal deterministic policy.
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Example 3.6. Consider the previous example,

S = {51782} 7A51 = {a117a12} >A52 = {a21}

and 1

P(81 | Slaall) = B}

1

P(Sz | 817a11) = B}

p(s2]s1,a12) =1

p(s2 | s2,a21) =1

and

r(s1,a11) = 5,7 (s1,a12) = 10,7 (s2,021) = —1

max 5z (s1,a11) + 10z (51, a12) — x (S2, as1)
s.t. x (81, a11) +x (51, a12) —0.52 (81, 0,11) =0

xr (Sl,alg) — 051‘ (81, CL11) — T (82, a22) = 0

$(81,a11) -
x(s1,a11) + 2 (s1,012) + @ (s2,a91) =1
z(s1,011),2 (81,a12) ,2 (s2,a21) > 0

and solving it, we will get

¥ (s1,a11) = 2* (s1,012) = 0,2" (82,a21) =1

Note that s; is trnasient, so it does not matter d*(s1) = a1 or ajo.

For a decision rule d, let R; denote the set of recurrent states and T denotes the one of transient ones.

Theorem 3.35

Suppose the Markov decision process is unichain.

1. Let d be a Markovian randomized decision rule and R, be the set of recurrent states under d. Define

0, otherwise

{P(d(s) = a)ll4(s), fors e Rq

Then x4(s, a) is a solution to the dual LP.

2. Let z(s, a) be a feasible solution the dual LP. Define

Sz{SES: Zx(s,a)>0}

a€A,

and define P (dy(s) =a) = m(s,a)/[zaeAs z(s,a)] for s € S, and arbitrary otherwise. Then
x4, (s,a) = x(s,a) fora € As and s € Sy.
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1. Let x be a basic feasible solution to the dual LP and suppose that d, is defined as in the previous
theorem. Then for d, is deterministic and satisfies

do(s) = a, ifz(s,a) > 0fors €S,
0 arbitrary,  for s ¢S,

2. Suppose that d,; is a deterministic decision rule, then x(s, a) = I14(s) is a basic feasible solution to the
dual LP.

There exists a bounded optimal basic solution x* to the dual LP and the policy (d,- )™ defined as
Ay (s) = {a, ifz(s,a) > 0 for s € Sy
arbitrary,  for s ¢ Sy~
is an optimal policy.
Note. Constraints can be added to the LP, while value/policy iteration cannot.
As before, consider
e D7 : set of structured decision rules.
e II7 : set of structured policies.
e V7 : set of structured value functions.
o Lqv =rq+ Pyv, Lv = maxy{rq + Pyv}.
Let S ={0,1,...}. Then if
1. for any sequence {\,},0 < X\, < 1 for which \,, — 1,

lim [v} —wv} (0)e] € V7

n=o0
and,
2. h € V7 implies that there exists a d’ such that
d' € argmax, Lgh N D7,
then D7 N argmaxye p Lgh # 0 and
d° € argmax {rq + P;h} N D°

deD

is an optimal decision rule if an optimal decision rule exists.

Proof. We have
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_ _9¢
U)\—l_/\+h+f(>\)
oAls) = 1 fA + h(s) + h(\)
0 (0) = =T+ 1(0) + h(N)

and

O
Theorem 3.39

Let S ={0,1,2,...} and suppose

1. r(s,a) is non-decreasing in s for all a € A,

2. Zj‘;k p(j | s,a) is non-decreasing in s forall k € S and a € A,

3. r(s,a) is superadditive (subadditive) on S x A,

4. Z?ikp(s | 4,a) is superadditive (subadditive) on S x A.

Then if there exists a long-run average optimal policy, there exists an optimal decision rule (d*)°° which is

non-decreasing (non-increasing) in s. Here,

V7 : set of non-decreasing value functions

D? : set of non-decreasing rules.

Theorem 3.40

Let S ={0,1,2,...} and suppose

1. r(s,a) is non-increasing in s for all a € A,

2. Zjoik p(j | 8, a) is non-decreasing in s for all k € S and a € A,

3. r(s,a) is superadditive on S x A,

4. > ies (s | j,a)u(j) is superadditive on S x A for any non-increasing w.

Then there exists an optimal decision rule which is monotone non-decreasing in s if there exists an optimal

decision rule.

2.2 Multichain Markov Decision Processes

s1|s1,a11) =1
sy | s1,a12) =1

P

p( )
p(s2 | 52,a21)
p( )
P )

1
s3 | 82, a22 1
1

S3 | 53,031

Furthermore,

Example 3.7. Let S = {81, S92, 83} ,Asl = {a11, Cl12} ,A32 = {a21, a22} and A53 = {agl}. We have
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(817 an)
7 ( )
7 (S2,a21)
r( )
7 (83,a31) =

Consider d(s1) = a11,d(s1) = a91, d(s3) = az1, we get a multichain.
The unichain optimality condition is

g+ h(s) = max § 7(s,0) + > _p(j | 5,0)h())
jes
This is not sufficient to solve the system, because different s gives different equations:

g+ h(s1) = max{3 + h(s1),1+ h(s2)}
g+ h(s2) = max{0+ h(s2),1+ h(s3)}
g+ h(s3) =2+ h(s3)

3.3.1 Multichain Optimality Equations
max ]ze;p(J | s,a)9(j) —g(s) p =0, Vs €S

and
Iax r(s,a) —g(s) + Zp(] | s,a)h(j) —h(s) p =0, Vs € S
jes
where
By=Sa€A;: Y plilsa)gli)—g(s)=0
jes
As nested optimality equations,
max {(Pg — 1) g} = 0
and

?Eaé({rd—g—F(Pd—I)}:OwhereE:{dED:d(s) € Bs}

3.3.2 Modified Optimality Equations

These are:

max ¢ > p(j | 5,a)g(j) = g(s) ¢ =0
JjES

and
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max { (s, 0) — g(s) + ;po | s, a)h(j) — h(s) p =0

Proposition 3.41

Assume S and A are finite and there exists g*, h* satisfying the optimality equations. Then there exists an M
such that g* and h* + M g satisfying the modified optimality equations.

Proof. Suppose that for some s € S and o’ € A, we have
0 <r(s,a’) —h*(s) = g"(s) + ) P | s,a)h"(j) = c.
jeSs

Then we must have ' € A, \ Bs such that 0 >
h' = h*(s) + Mg*(s), then

jes P | s,a")g"(j) — g7 (s) = d. For some M, we define

r(s,a') + > P(j|s,a )W (j) = g"(s) — I (s)
JjeES
=r(s,a’) + Y _ P(j | s,a)[h*(j) + Mg*(s)] — g*(s) — h*(s) — Mg*(s)
jeSs
=c+ Md

and choose M > |c¢/d].

O

Theorem 3.42

Suppose S is countable.
1. Suppose there exists g and h such that (P; — INg < 0 and rq + (Py — I)h — g < 0 for all d. Then
9293
2. Suppose there exists (g, h) and d’ such that (Py — I)g > 0 and rgr + (Py — I)h — g < 0. Then
g <supgg® <gi.

*

3. Suppose there exists g and h satisfying the modified optimality equations, then g = g} = g* = g*.

Theorem 3.43

Suppose S and A are finite. Then
1. There exists g* and h for which (g*, h) satisfy the multichain optimality conditions.

2. There exists g* and h' for which (g*, h') satisfy the modified optimality conditions.
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Theorem 3.44

Suppose S and A are finite.
1. Suppose g and h satisfy the optimality equations and there exists d* such that
Pig=gand
d € argmax {rq + Pyh}.
Then (d*) is long-run average optimal.
2. Suppose g and h satisfy the modified optimality equations and there exists d* such that
Py g = gand
d € argmax {rq + Pgh}.

Then (d*) is long-run average optimal.

3.3.3 Multichain Policy Iteration
1. Set n = 0 and select an arbitrary decision rule dy

2. (Policy Evaluation) Obtain g,, and h,, such that

(I—=Pn)gn=0
rd, = 9n+ (Pa, = 1) hn =0
Solve Step 2 by first setting one of:
(@ Pj hn =0
(b) Suppose Ry, ..., R, are recurrent classes under Py, . Solve the policy evaluation equations by setting

hr (sj,) = 0 where j; denotes the minimal index such that s; € R; fori = 1,2,...,n. (not necessary to
pick the one with smallest index).

©) —hpn+(Pi—IHw=0
3. (Policy Improvement)

(a) Choose d,,+1 € D such that d,, 1 € argmax, { Psg,} and setting d,, 1 = d,, if possible. If d,, 11 = d,
the go to (b); otherwise increment n by 1 and return to Step 2.
(b) Choose d,,+1 € E,, such that

dpy1 € argmax {rq + Pih,}
deE,

where E,, = {d : (P4 — I)g,, = 0}. and setting d,,+1 = d,, if possible.

4. If d+1 = d,,, STOP and set d* = d,,; otherwise increment n by 1 and return to Step 2.

Properties of the Policy Iteration:
1. The gain of the successive iterations are monotone nondecreasing.

2. If improvement occurs in step 3a in state s, then s is a transient state under d,, 1 and g,+1(s’") > gn(s).
Furthermore, we may have g,,41(s) > g, (s) for some other transient state s.

3. If no improvement occurs in 3a, and it occurs in s in 3b, where s’ is recurrent under d,, 1 1, then g, +1(s) > g, (s)
for all states s which are in the same recurrent class as s’ and possibly in some transient states.

4. If no improvement occurs in 3a of the algorithm and it occurs in s’ in 3b, where s’ is transient under d,, 11, then
hnt1(s") > hyp(s').
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3.4 Policy Iteration for Communicating / Weakly Communicating Models

1. Setn = 0. Select a dy. If Py, is unichain, set unichain = yes; otherwise, set unichain = no.
2. If unichain = no, go to (2a), otherwise go to (2b).

(2a) (Policy evaluation) Find vectors g,, and h,, by solving

(Pdn*I)gn:O
Tdn—gn—F(Pd —I)hn:O

n

solve it using the methods for the multichain policy iteration.

(2b) Find scalar g,, and vector h,, by solving

rd, = gn€+ (P, —I)hn =0
solve it using the methods for the multichain policy iteration.
3. If g, is a constant, go (3b), otherwise (3a).

(3a) Let So = {s € S : gn(s) = maxjcg gn(s)} and dp11(s) = dp(s) for s € Sy. Let T = S\ Sp, and
W = Sj.
() IfT =0, go to (iv).
(i) Obtain s’ € T and a € A, such that ZjeW PG| ¢, a).
(i) SetT =T\ {s'} andd,,+1(s') = aand W = W U {s'}. Go to (i).
(iv) Set unichain to yes and go to 2.
(3b) Choose d,4+1 € argmaxgcp {rq + Pah,}, setting d,, 41 = d, if possible. If d,,y1 = dp, go to 4,
otherwise set unichain = no, increment n by 1, and go to 2.

4. Setd* = d,.

Remark. Given g > Pygand h + g > rq + Pyh, then g > g*.

3.4.1 Linear Programming

Suppose that a(j) > 0 forall j € Sand ), 5 a(j) = 1. The primal LP can be written as

minZa(s)g(s)
ses
st.g(s) = > p(j|s a)g(j) >0,Yac A,,s€S
Jj€ES
9(s) = D _p(i | 5,0)h(j) + h(s) > r(s,a),Ya € Ay, 5 € S
jes
and the dual LP is
maxz Z r(s,a)x(s,a)
jES a€A,
st. Y a(a) =Y > p(ils.a)(s,a) =0,Yj €S
acA; s€ES acA,
dox@Ga)+ Y yGa) =D > plils,a)y(s,a) =a(j),Vj € S
CLEAj CLEAj s€ES acA;

x(s,a),y(s,a) > 0,Vs € S,a € A;.

The second set of constraints, summed over j € .S, implies that
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DY G +> > yGa) =D > Y bl s,a)y(s,a) =1

jeES acA; jES acA; JES s€eSacA;
and hence
> alia)=1
jES acA;
since the last two terms on the LHS are equal.

Remark. Suppose (x,y) is a feasible solution to the dual LP. Then,

s)=a) = x(s,a)/ZaeAs x(s,a), forse S,
P (dgy(s) = a) {y(57a)/za6As y(s,a), forseS,

where S, = {s € 5: 3,4, 2(s,a) > 0}.

Proposition 3.45

If (z,y) is a feasible solution to the dual LP, then S, is the set of recurrent states and S\S,, is the set of
transient states under (d )™

Theorem 3.46

Suppose (z*,y*) is an optimal solution to the dual LP. then (dy~ )™ is a stationary (long-run average)
optimal policy.

Example 3.8. Consider S = {81, 89,83, 84} ,Asl = {all} ,A52 = {agl} and A53 = {a31,a32, a33}, and A54 =
{a41}. We also have

Furthermore,

The dual LP is
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max

x (s1,011) + 22 (2, a21) + 4 (s3,a31) + 32 (53, aze) + 47 (54, a41)

1
s.t. 2 (s1,a11) +y (s1,011) — Yy (s3,a31) = 1

1
x (82,a21) + ¥y (s2,a21) — Yy (s3,a32) = 1
x (s3,a31) + 2 (53,a32) + ¥ (53, a33) + ¥ (53,a31) + ¥ (53, a32) + y (53, as3)
1
—y(s,an) =y (s2,a21) = 7
1
x (84,0a41) + Y (84,a41) — Y (s3,a33) = 1
z(s1,a11) — 2 (s3,a31) =0
T (s2,a21) = (s3,a32) =0
x (S4,041) — x (s3,a33) =0
x (83,a31) + x (83,a32) + = (s3,a33) — x (s1,a11) — x (82,a21) = 0.
A solution is
1
37(81,(111) = 1
1
37(82,@21) = 1
1
96(837@31) = §
1
I(537G32) = §
1
33(54,@41) = 1
X (83, (lgg) = 0

and y(s,a) = 0 for all s and a.

LP For Weakly Communicating Classes
* Use the multichain LP.

* Formulate the LP for unichain problem. Obtain x* which is an optimal solution of the dual LP for the unichain
problem. For s € S,- where Sp» = {s: 3 .4 2(s,a) >0}, define d,-(s) = a for 2*(s,a) > 0. For
s ¢ Sy«, choose an action which drives the chain to S« with positive probability. One procedure for this is the
algorithm we used in (3a) of the policy iteration for weakly communicating models.
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